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Classical Ehrhart theory
©000

Lattice polytopes

A polytope is the convex hull of finitely many points in RY,
equivalently a bounded intersection of finitely many halfspaces.

For P a lattice polytope (i.e. with vertices in Z9), we consider

ehrp(n) = ’nP N Zd‘ .

Example:
0.1 ehra(n) = [{(x,y) € Z? : x,y > 0,x +y < n}|
A— i _[(n+2 1 2 3
(1,0) _< 2 ) 2 +2n+1
(0,0)
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Classical Ehrhart theory
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Ehrhart polynomials and series

For any d-dimensional lattice
polytope P C RY, ehrp(n) is a
polynomial of degree d, called

the Ehrhart polynomial. 3Aatx3 =3
The Ehrhart series of P is its 2A at x3 =2
generating function

1A atx3 =1

Ehrp(z) = Z ehrp(n)z".

n>0
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Classical Ehrhart theory
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Ehrhart theory of unimodular simplices

If A is a d-dimensional
unimodular simplex with k
missing facets (for some
0<k<d+1),

P

Ehra(z) = A=)t
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Classical Ehrhart theory
[SYeTe)

Ehrhart theory of order polytopes

The order polytope of a poset 1 = ([d], X) is
OM) ={(x1,...,xq) €[0,1]7 : x < x; if i <},
which has a disjoint unimodular triangulation

omn) = U {0<x0, <00 < X0y <1, X5, < Xy, if i € Des(0)} .
oceL(n)

Therefore,
des(c)

ZUGE(H) z
Ehrony(2) = (1- z)9+1
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Graph colorings
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Proper colorings

. Example: Non-example:
A proper n-coloring of a graph

G = (V,E) is a function
¢V — [n] such that

c(v) # c(w) if {v,w} € E.

The number of proper n-colorings of a graph G agrees with a
polynomial of degree |V/|, called the chromatic polynomial x¢(n)
of G.
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Graph colorings
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The chromatic polynomial of a tree
If T is a tree on d vertices, then x1(n) = n(n —1)91,

n(n— 1)‘1_2

n—1

O
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Graph colorings
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Proper colorings as lattice points

A coloring ¢ : [d] — [n] of G = ([d], E) can be thought of as a
point
(c(1),...,c(d)) € Z¢.

The proper n-colorings of G are points in

((0.n+ 1) 024\ (UHe)

where H¢ is the graphical hyperplane arrangement

He ={xi=x; : {i,j} € E}.
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Graph colorings
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Proper colorings as lattice points, continued

Consider the path on two vertices, P, = 0—O

5-colorings of Ps: Proper 5-colorings of Ps:

6 pr=====memmmceena- 1 6 prmmmmmmmm—m—————y
5 e o o o o E 5 e o o o '0/ E
4 e o o o o E 4 e o o 'O" ° E
3 e o o o o E 3 o o /" o o E
2 o o o o o E 2 . /" o o o E
1 e o o o o E 1 ',"' e o o o E
0 - 0 & -

0123 456 0123 456
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Graph colorings
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Proper colorings as lattice points, continued

((0,n+1)9NZ9) \ (UHc) has a region for each acyclic
orientation p of G, given by

O.n+1)n | ) {x<x}

(iJ)ep

The region corresponding

.= peesssssass -
to p contains the proper - .xo'i
colorings of G that “obey” cm<c@y 2% T

e f hich t ) > @
p, i.e. for whic e ---E
*

c(i) < c(j) i (i,)) € p.
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Graph colorings
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The chromatic polynomial is a sum of Ehrhart polynomials

Each region is the (n + 1)st dilate of the open order polytope of
the poset induced by p, which we call I1,, therefore

xc(n) = Z ehro(np)o(n +1)
PEA(G)

Z Z (n + des( a))

pEA(G) oeL(My)

The linear extensions are of a natural labeling of the poset, not the vertex
labels.
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Graph colorings
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An example: the path on 3 vertices

Acyclic Orientation p

Induced Poset I1,

Linear Extensions £(I1,)

|

oo \/ 123, 132

() _4< )+2(” 1) — n(n—1)?
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The g-analog connection
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The chromatic symmetric function

Stanley's symmetric function generalization:

e~ Y (D)] _|c71(2)] _|c~1(3)]
Xe(x1,x2,...) = Z X ()x2 ()X3 @l
proper colorings
c:V—Z*
Xp, ( 0,0,...) = 2x2x2 Xs, ( 0,0,...) = x{x2 + x1x3
Py X1,X2,U,U,...) = X1X2 Sa X1,X2,U,U,... —X1X2 X1X2
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The g-analog connection
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The big picture

Stanley's chromatic symmetric
function Xg(x1,x2,...):

Xe(x1,x0, ...
e Stanley: Distinguishes cba %)

non-isomorphic trees? Xé(q, n)
e Loehr-Warrington: So does /
Xe(q,¢%,...,9",0,0...)?
( ) xc(q,n)

Chromatic polynomial x¢(n):

e Polytopes perspective
e Deletion-contraction xa(n)

e Does not distinguish trees
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The g-analog connection
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Chapoton’s g-analog Ehrhart theory

Theorem. (Chapoton) If P C R9 is a d-dimensional lattice
polytope and \ : Z9 — Z is a linear form that is nonnegative on
the vertices of P,

ehrp(q,n) = > ¢

xEnPNZd

~
agrees with a polynomial ehrp(q, x) € Q(q)[x], evaluated at

x=[ng:=1+q+q¢*+---+q" %

If A((x1, ..., xd)) = x1 + - + X4, we omit it.

We are ignoring a condition called “genericity” that is needed, but we will not have to worry about it for the
polytopes we are working with!
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The g-analog connection
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An example of ehr!

P = conv{(0,0),(1,0),(1,1),(2,1)}

2 —
Ehrp(q, z) = ! n ki
B B e T 25 [ )
_ 1-— q3z2
T (1-2)(1— e2)(1 — ¢?2)(1 — ¢32)
— 4 3 3 3_ 2 3 2 +
ehrp(q, x) = T -9 ,3,29 79,2,°9 79, 1
g+1 g+1 g+1
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The g-analog connection
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The weighted connection between Ehrhart theory and
graph colorings
X6(a, %0070, )= 3 gt Il
proper
c:[d]—[n]
counts g raised to the sum of the colors of each vertex for each

proper coloring, which is

xc(g,n):== Y ehrom,)(q,n+1).

peA(G)

Therefore,

XG(qa q27 ey q", O, .. ) = Z Z q(d;rl)—comaj(g-) [n -+ ddeS(O'):|
pEA(G) oeL(N,) q
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The g-analog connection
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Some examples of x7(g, n) in the “h*-basis”

n+ 1

n n+2
8q10[ } +(5¢° + 44¢® +5¢7) ]
41q q
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The g-analog connection
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The g-analog chromatic polynomial

There exists a polynomial X¢(q,x) € Q(q)[x], which we call the
g-analog chromatic polynomial, such that

n

%G(qv [”]q) = XG(q7 n) (= XG(C], q27"'7q 707))

Theorem.

_ _ X)\,-
Xola.)=q" > w25 ][] 1-(+(q .1))

1—ghi
flats SCE AENS)
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The g-analog connection
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Some examples of [d],! - X7(q, x)

(24° + 49" + 64° + 4> + 8g")x*+ o

(6° +6q" +4q° + 5¢° + 8¢ )x*+
(—64® — 10q" — 18¢°% — 18¢° — 20q*)x>+ (—q° — 3¢° — 14q" — 14¢° — 21¢° — 19¢*)x°+
(46° +10q" +20¢° + 22¢° + 160" )x°+ (3¢° + 124" + 18¢° + 24¢° + 15¢*)x*+
(—4q" —8¢° — 8¢° — 4q")x (—4q" —8¢° — 8¢° — 4q")x

Conjecture. The leading coefficient distinguishes trees.

3 ways to compute: h*-basis, Mobius inversion,
deletion-contraction
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The g-analog connection
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The g, A-analog chromatic polynomial

Chapoton’s weighted Ehrhart theory applies to general linear forms
A, so we can also define:

Xé(% n):= Z qA16(1)+~~+>\dC(d)

proper
c:[d]—[n]

= Z ehr?‘o(np)o(q,n—i—l).
PEA(G)

The bad news: For general A, X)C‘_; is not a necessarily an instance
of the chromatic symmetric function.
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Why care about x% (and X3)?

Deletion-Contraction Lemma. Let G = ([d], E) be a graph with
e={1,2} € E. Then

DYDY DYIDY A1+A2,-An
X&) (g, n) = x Qi (g, n) = x Q1) (g, n).

X

Xc(q, n) Conjecture. If S and T are

non-isomorphic trees, then there
exists A for which

X5(q, n) # x+(q. n).
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The g-analog connection
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Thank you!! :)
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