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Abstract
The combinatorics of h*-polynomials of rational polytopes
by
Esme Bajo
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Matthias Beck, Co-chair

Professor Sylvie Corteel, Co-chair

The h*-polynomial captures the enumeration of lattice points in dilates of rational polytopes.
For various classes of polytopes, there are many potential properties of this polynomial—
including nonnegativity, monotonicity, unimodality, real-rootedness, and palindromicity—-
that are of interest within geometric combinatorics. In this dissertation, we investigate
these properties for three variations of the h*-polynomial: the boundary A*-polynomial, the
weighted h*-polynomial, and the local h*-polynomial. We conclude with an application of
h*-polynomials to enumerating proper vertex colorings of graphs.
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Chapter 1

Introduction

In this dissertation, we study several variations of h*-polynomials of rational polytopes, in-
cluding boundary h*-polynomials, weighted h*-polynomials, and local h*-polynomials. Each
of these polynomials captures the enumeration of lattice points in dilates of their associated
polytopes, which are the integral solutions to systems of linear inequalities. Thus, this field
of mathematics can be used to model a wide range of problems in other fields of mathematics
and across the natural and social sciences.

In 1962, Eugene Ehrhart introduced Ehrhart polynomials of lattice polytopes [56]. Given
a lattice polytope P, that is, the convex hull of finitely many points in Z9, the counting
function ehrp(n) = [nP N Z¢| agrees with a polynomial in n of degree dim(P), called the
Ehrhart polynomial of P [56]. It is helpful to study this polynomial via its generating
function, called the Ehrhart series Ehrp(z) of P. If P is a d-dimensional polytope, its
Ehrhart series can be expressed in the form

h*
Ehrp(z) :=1+ Z chrp(n)z" = P—(ZBHI,
= (1-2)

where h%(2) is a polynomial in z of degree at most dim(P), called the h*-polynomial of P.
Ehrhart theory is an active area of research within combinatorics. Several classes of open
problems arise, including:

1. Classifications — Can we classify which polynomials can be Ehrhart polynomials?
What about which polynomials can be hA*-polynomials? Can we classify which poly-
topes have Ehrhart polynomials with positive coefficients? What about which poly-
topes have unimodal h*-polynomials or real-rooted h*-polynomials? Which polytopes
have special properties, e.g., have unimodular triangulations or have the integer de-
composition property? (See, e.g., [22, |39} |46, 73, 84, [85].)

2. Generalizations — Can we create various generalizations of Ehrhart theory (rational,
weighted, etc.)? What classical Ehrhart-theoretic results generalize in these cases?
Can we apply these generalized Ehrhart theories to other fields of mathematics (e.g.,
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enumerative combinatorics and algebraic geometry) in the same ways we can apply
classical Ehrhart theory? (See, e.g., |11} |20} 47, 88, |[124].)

3. Applications — What types of questions in related fields of mathematics can be
approached using discrete geometry? For instance, can we construct combinatorially-
defined polytopes (order polytopes, lecture hall simplices, permutahedra, parking func-
tion polytopes, etc.) whose Ehrhart theory will have implications for their underlying
combinatorial objects? (See, e.g., |7, 21}, 22, |64} |101].)

In this dissertation, we will tackle problems within each of these classes, mostly by consid-
ering h*-polynomials (as opposed to Ehrhart polynomials) from a combinatorial perspective.
Stanley proved that the coefficients of the A*-polynomial are nonnegative, originally via
commutative algebra [115] and later using a shelling argument [111]. There is also a simple
combinatorial proof by giving the coefficients of the ~A*-polynomial a combinatorial interpre-
tation in terms of the simplices in a half-open triangulation of the polytope (which we go
through in detail in Chapter [2]). This method gives us a natural approach to many lattice-
point enumeration problems, which we use throughout this dissertation. We also explore
how this interpretation holds up across the three variations of the h*-polynomial, and study
its implications in each case.

In Chapter [2| we formalize the notions of simplices, triangulations, and half-open trian-
gulations. We also define the integer-point transform of a cone and connect this to Ehrhart
theory in order to understand the h*-polynomial and arrive at this interpretation of its co-
efficients. Much of this chapter follows the presentation of Ehrhart theory given in [25].
Furthermore, we extend the Ehrhart theory of lattice polytopes to rational polytopes, i.e.,
polytopes with rational vertices. Throughout this chapter, we use order polytopes as an ex-
ample to demonstrate the potential of these techniques, and we will also revisit the Ehrhart
theory of this particular class of polytopes in Chapter [0]

In Chapter [3, which is joint work with Matthias Beck, we present our first variation
of the h*-polynomial, the boundary h*-polynomial; this work is published in [§]. We first
define boundary A*-polynomials and give a combinatorial interpretation of their coefficients
via simplices in half-open boundary triangulations (mirroring the classical result). We then
use these boundary h*-polynomials to provide an “easy” proof of Stapledon’s symmetric
decomposition of classical h*-polynomials [123] and Beck, Braun, and Vindas-Meléndez’s
rational generalization [19]:

Theorem Let P be a full-dimensional rational polytope with denominator q and let
¢ be the smallest positive integer such that (P contains an interior lattice point. Then

142+ + 271
() = ale) + (),

where a(z) and b(z) are palindromic polynomials with nonnegative integer coefficients.
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Moreover, we present the implications of this proof to Gorenstein polytopes, a special class
of polytopes with connections to commutative algebra and algebraic geometry. In particular,
we define a more general notion, that of rational Gorenstein polytopes, and prove that:

Theorem If P is a rational g-Gorenstein polytope with denominator q, then

14z 420!

hplz) = L+ z4 -+ 2071

h;P(Z) ’
where hip(2) is the boundary h*-polynomial of P.

Finally, we discuss the connection between our study of boundary h*-polynomials and
Beck, Elia, and Rehberg’s rational Ehrhart theory (which studies rational dilates of poly-
topes, as opposed to just integer dilates) [20].

In Chapter [4] which is joint work with Robert Davis, Jesus A. De Loera, Alexey Garber,
Soffa Garzon Mora, Katharina Jochemko, and Josephine Yu, we introduce our second varia-
tion, the weighted h*-polynomial; this work is published in [11]. We place a weight function
on our lattice points, generalize the Ehrhart counting functions to weighted versions, and
explore which weights allow us to generalize Stanley’s classical nonnegativity and mono-
tonicity theorems. In particular, we define classes of weights Rp (sums of products of linear
forms that are nonnegative on the polytope P) and Sp (sums of nonnegative products of
linear forms on the polytope P), and prove the following nonnnegativity and monotonicity
theorems:

Nonnegativity Theorem (Theorem [4.2.5)). Let P be a rational polytope and let h} , (2)
be its weighted h*-polynomaial.

1. If the weight w is a homogeneous element of Rp, then the coefficients of h} ,(z) are
nonnegative.

2. If the weight w is a homogeneous element of Sp, then h},, (2) =0 for z = 0.

First Monotonicity Theorem (Theorem 4.2.7). Let P,Q < R? be rational polytopes,
P < Q, and let g be a common multiple of the denominators §(P) of P and §(Q) of Q.
Then, for all weights w e Ry,

(1 + Z(S(P) 4ot Zg—é(P))dimP+m+1h;w<Z> < (1 + Zé(Q) 4t Zg—é(Q))dimQ+m+1haw(Z)
(where < indicates coefficient-wise inequality).

Second Monotonicity Theorem (Theorem [4.2.8)). Let P,Q < R be rational polytopes
of the same dimension D = dim P = dim @, P < @, and let g be a common multiple of the
denominators 6(P) of P and 6(Q) of Q. Then, for all weights w € Sg,

(1+ AP zg_é(P))D+m+lh}ka7w(Z) <(1+ @) 4y Zg—ﬁ(@))D-i—m—&-lhaw(z)

for all z = 0.



CHAPTER 1. INTRODUCTION 4

We also give some evidence for the tightness of these results by producing counterexam-
ples when these restraints on the weight function w are relaxed.

In Chapter [ which is joint work with Benjamin Braun, Giulia Codenotti, Johannes
Hofscheier, and Andrés R. Vindas-Meléndez, we explore our third and final variation, the
local h*-polynomial (sometimes called the box polynomial) of a simplex; a preprint of this
work can be found in [10]. Local h*-polynomials have already been a point of interest within
Ehrhart theory, specifically as they relate the unimodality of classical h*-polynomials. (We
call a polynomial with nonnegative coefficients unimodal if its vector of coefficients has one
peak.) In this chapter, we restrict ourselves to the study of “one-row Hermite normal form
simplices,” that is, simplices whose Hermite normal form expression has only one nontrivial
row, and characterize the conditions for the unimodality of the local A*-polynomials of two
subclasses: the “all ones” simplices and the “geometric sequence” simplices.

Theorem For the d-dimensional simplex S in one-row Hermite normal form with
last row (1,...,1,N), where N = (d—2)q+7r for some 0 < r < d—3, the local h*-polynomial
is unimodal if and only if r € {0,1,2,d — 3}.

Theorem For any integers q = 2 and k = 2, the simplex S with non-trivial row

(L, ' .. q,1,4")
has a unimodal local h*-polynomaial.

Additionally, we look at the asymptotic behavior of the coefficients of the local h*-
polynomials of these one-row Hermite normal form simplices as the normal volume of the
simplices tends to infinity.

In Chapter [0 which is joint work with Matthias Beck and Andrés R. Vindas-Meléndez,
we conclude with an application of Ehrhart theory to graph colorings; a preprint of this
work can be found in [9]. The chromatic polynomial of a graph can be expressed as a sum
of Ehrhart polynomials of order polytopes, and more generally, the principal specialization
of Stanley’s chromatic symmetric function [108| can be expressed as a sum of Chapoton’s
q-analog Ehrhart polynomials [47] of order polytopes, which yields the following structural
result:

Theorem For any graph G = (V. E) and linear form \ : 'V — Z-, there exists a
polynomial Y2 (q,x) € Q(q)[z] such that

Yalg, [n]y) = Z g Eev M@)e(®)

where the sum is over all proper n-colorings of V and [n], :=14q+ -+ +¢" 1.

We mainly let A\ = 1, in which case we refer to Xa&(g, ) as the “g-analog chromatic
polynomial.” We use methods from Ehrhart theory (inside-out polytopes and h*-bases) to
obtain two expressions for the leading coefficient ct(q) of the g-analog chromatic polynomial
of a tree:



CHAPTER 1. INTRODUCTION 3

Corollary [6.4.2. Given a tree T = (V, E) on d vertices, the leading coefficient of X+(q,n)

equals

cr(e) = (a—a)" D)) |1 1_1ch

SCE CeP(S)

where P(S) denotes the collection of vertex sets of the connected components of the graph
(V,S) and where the latter sum ranges over all pairs of acyclic orientations o of T and linear
extensions o of the poset induced by o.

From these expressions, we study Stanley’s conjecture that the chromatic symmetric func-
tion X¢(21,xe,...) distinguishes trees [10§|, as well as Loehr and Warrington’s refinement
that X¢(1,q,...,¢%,0,0,...) already does [87], from a geometric perspective. We further
conjecture that:

Conjecture The leading coefficient of the q-chromatic polynomial X>(z) distinguishes
trees.

Moreover, we generalize this principal specialization to a ¢, A-analog chromatic polyno-
mial (which does not align with Stanley’s original chromatic symmetric function but which
does arise naturally from our geometric perspective). This ¢, l-analog chromatic polyno-
mial comes with a deletion-contraction formula, which enables us to construct a recursive
algorithm to compute it (see Figure .



Chapter 2

Background

2.1 Polytopes and faces

A polytope P < R? is the convex hull of finitely many points in R?, equivalently a bounded
intersection of finitely many hyperspaces (see, e.g., Theorem 1.1 in [128]). For example, the
triangle T" with vertices (0,0), (3,0), and (0, 3) can be expressed with vertex description

T = conv{(0,0), (3,0), (0, 3)}
or with hyperplane description
-1 0 . 0
T=A{(ry,z2)eR*: | 0 -1 [;} <|0] 3, (2.1)
11 2 3

as shown in Figure [2.1]
In order to define the faces of a polytope P, we need to define the notion of a supporting
hyperplane. Given a polytope P < R¢, we call a hyperplane

H={zeR: ax + -+ agrq = b}
supporting if P falls on one side of the hyperplane (including the hyperplane itself), that
is, if
Pc{reR:aqx) + - +agwg<byor PS{reR: ax; + -+ agry = b}
The set of faces of P is the set of intersections of P with a supporting hyperplane. We
also define the empty face @ and the polytope P to be faces. For example, the faces of the
triangle 7" are: the empty face, the zero-dimensional faces (0,0), (3,0), and (0, 3), the three

edges of the triangle, and T itself (see Figure for an example of a supporting hyperplane
for each nontrivial face). The zero-dimensional faces of a polytope are its vertices and the
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Figure 2.1: The vertex and hyperplane descriptions of the triangle

conv{(0,0),(0,3),(3,0)} = {z1 = 0} n {z2 = 0} N {21 + 22 < 3}

N

Figure 2.2: A supporting hyperplane for each nontrivial face of the triangle in Figure [2.1
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(d — 1)-dimensional faces (or codimension 1 faces) are its facets. The supporting hyper-
planes that witness the facets of a polytope are called its facet-defining hyperplanes.
The facet-defining hyperplanes constitute a minimal hyperplane description for P (see, e.g.,
equation [24].

In this dissertation, we will primarily study lattice polytopes, i.e., polytopes whose ver-
tices have integer coordinates, and rational polytopes, i.e., polytopes whose vertices have
rational coordinates. An important quantity for a rational polytope P is its denominator,
or the smallest positive integer ¢ > 1 such that its ¢qth dilate ¢P is a lattice polytope.

2.2 Simplices and triangulations

We will often study polytopes by decomposing them into simpler polytopes, usually sim-
plices. A simplex is a d-dimensional polytope with d+ 1 vertices (equivalently, d+1 facets),
e.g., a triangle, a tetrahedron, and so on.

Definition 2.2.1. 7 is a triangulation of a d-dimensional polytope P if 7 is a finite
collection of d-dimensional simplices {Ay, ..., A,,} such that

r—(Ja
i=1

and such that for every A;, A; € T, A; nA; is a face of both A; and A;.

It is a well-known (and extremely useful) theorem that every polytope admits a trian-
gulation. Moreover, such a triangulation can be constructed using no additional vertices,
implying that every lattice polytope has a triangulation into lattice simplices (sometimes
called a lattice triangulation). Constructions of various such triangulations (including
pulling triangulations and pushing triangulations) can be found in [25].

Moreover, we will frequently take advantage of the existence of disjoint triangulations
of polytopes into half-open simplices (that is, simplices with zero or more facets removed).
Such triangulations will allow us to avoid making inclusion-exclusion arguments.

Construction 2.2.2. Any triangulation 7 of P < R? can be made into a disjoint triangu-
lation using what is commonly referred to as a “visibility argument.” Choose a point ¢ in
the interior of P that is generic relative to the triangulation 7, that is, a point ¢ that is not
contained in any of the facet-defining hyperplanes of any of the simplices in 7. Pass through
each simplex A € T one at a time and do the following: for each facet F' of A, if ¢ is on
the opposite side of F’s defining hyperplane as A (i.e., if ¢’s “view” of F' is not blocked by
A), remove the facet F' from A. An example of this procedure is shown in Figure and a
more technical description via tangent cones is given in |25].

We will end this section with the construction of a very combinatorial disjoint triangula-
tion of an important class of polytopes, called order polytopes.
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Figure 2.3: Making a triangulation disjoint via a visibility construction. Closed facets (or
facets that are “blocked” from ¢ by the simplex containing them) are shown in blue and open
facets (or facets that are “visible” from ¢) are shown in orange.

Definition 2.2.3. Given a finite poset II with base set {1,...,d} and order relation <, the
order polytope O(II) is the polytope

OM) := {(x1,...,24) € [0, 1] : 2; < x; if i < j}.

For example, the order polytope of the antichain is the unit cube and the order polytope
of a chain is a simplex. The order polytope O(II) can be triangulated using the linear
extensions of the underlying poset, in particular, into the simplices

Ay = {(z1,...,24) €[0,1]*: 0 < 24

LSS 2,

where o is a linear extension of II. By a linear extension, we mean a permutation such that
in its one-line notation o = o7 ... g4, i appears before j if i < j. We will be assuming
our underlying poset is naturally labelled, that is, we assume that the identity is a linear
extension of II.

We can make this triangulation of O(II) disjoint by using the descents of the linear
extensions to decide which simplices’ facets to remove (this is equivalent to choosing the
generic point ¢ in Construction to be in the simplex corresponding to the identity
permutation). This yields the following disjoint lattice triangulation of the order polytope:

. (2.2)
Toy < Toyy i 07 > 044

om= 4 {(xl,...,xd)eRd:
(1)

ngalg...gxadgl,}
)
oceJH



CHAPTER 2. BACKGROUND 10

where JH(II) is used to denote the set of linear extensions of the poset. This triangulation
is a special type of lattice triangulation called a unimodular triangulation, which will prove
very useful for the Ehrhart theory in the following sections.

2.3 Integer-point transforms of half-open simplicial
cones

Throughout the following chapters, we will be studying integer points in dilates of polytopes,
and this will prove easiest to accomplish for simplices. This is because we can think of integer
points in dilates of polytopes as integer points in a cone called the “homogenization” of the
polytope. When the polytope is a simplex, this homogenization is a simplicial cone. The
geometry of this type of cone makes organizing the integer points in the cone into an easily
enumerable set much simpler.

In this section, we will define this cone and give the enumeration (called an integer-point
transform) in the simplicial case, and later in this chapter, we will reconcile this with the
Ehrhart theory of general polytopes.

Definition 2.3.1. Given a polytope P < R?, its homogenization (sometimes referred to
as the cone over P) is

hom(P) := {(tp,t) : pe P,t = 0} < R

Equivalently, it is the cone generated by the vectors

{ (?1}) ;v a vertex of P} .

Our goal in this section is to enumerate the lattice points in the homogenizations of
half-open lattice (and rational) simplices. Specifically, we wish to find a rational function
description of the generating function

P x1 Td+1
Ohom(A)(zla"'azd-i-l) = Z Z1 "’Zd.l,_l )

z€hom(A)nZd+1

which is called the integer-point transform of hom(A). In order to do this, we take
advantage of the fact that hom(A) is a simplicial cone when A is a simplex. That is,
its generators are d + 1 linearly independent vectors that form a basis (over Z) for some
sublattice of Z41. Therefore, we are able to uniquely express every lattice point in hom(A)
as a sum of an integral linear combination of the generators and a point in its fundamental
parallelepiped:

Definition 2.3.2. Let A = conv{vy,...,v4:1} S R? be a d-dimensional half-open rational
simplex with denominator ¢ with the facets opposite vy, ..., v, removed (for some 0 < r <
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d + 1), i.e. suppose

1 Mo+ g1 =1,
A = Zmi C A, A >0,
i=1 Arg1s-esAde1 =0

The half-open fundamental parallelepiped of hom(A) is

d+1
L fqui\ . 0< A, A <
|:|<A)_ {;Al(q> ' O<>\T’+l7"'7)\d+l<1 i

For example, Figure [2.4] shows the fundamental parallelepiped of the homogenization of
the half-open integer line segment (1, 3] and the fundamental parallelepiped of the homoge-
nization of the closed rational line segment [0.5,2.5] (with denominator ¢ = 2).

Figure 2.4: The fundamental parallelepipeds of the homogenizations of the line segments
(1,3] and [0.5,2.5]

The half-open fundamental parallelepiped is defined so that the homogenization hom(A)
can be tiled with integral translates of [J(A), that is,

hom(A) = |4 <D(A)+§ki (ﬁ’))

ki,....kda4+1€Z>0
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In other words, any point z € hom(A) n Z4*! can be uniquely written as the sum of an
integer point in [J(A) and a nonnegative integral linear combination of the generators of
hom(A). This allows us to compute the integer-point transform of hom(A) (which enu-
merates infinitely many lattice points) just in terms of the (finitely many) integer points in

the fundamental parallelepiped. We denote the coordinates of each v; by (v;1,...,v;4), and
compute:
o 1 Td+1
Uhom(A) (217 e sz+1) = Z 217 Zd+1
xehom(A)nZd4+1
. Y1+ kiquia o Ya+ X kiquia _yas1+X ] kig
= “1 “d “d+1
yED(A)mZd‘H klv"~7kd+1€ZZO
d+1
_ y1 . JYd+1 i1 49Y,d g k;
= ) Aan > ]G Za " 2a)"
yed(A)nZd+1 ki,....kq41€Zz0 j=1
Y1 Yd+1
Z 21T Rd4
yeO(A)nZd+1 (2 3>
- qu1,1 qui,d _q qVd+1,1 qVd+1,d _q ) :
(1_21 ...Zd Zd—i—l)'..(l_zl ...Zd Zd-‘rl)

where the final equality comes from recognizing the inner sum as a product of d + 1 infinite
geometric series. That is,
2 A

ye(A)nZd+1
(1 — Zwl) . (1 — deﬂ) ’

Ohom(a) (21, - -+ Zdr1) = (2.4)

where w; denotes the cone generator (qu;, q) and z* denotes the monomial 27" - - 25;". For
example, using the fundamental parallelepipeds in Figure 2.4 we can compute

2 3
2i%29 + 2722
! ! and

Uhom((1’3])(z1’ ) = (1 —2129)(1 — 2§29)

14 20(21 + 22) + 22(22 + 25 + 27) + 23(21 + 29)

Uhom([0.5,2.5])(zla 22) = (1 _ leg)(l _ z{’z%)

2.4 Ehrhart theory of lattice polytopes

Classical Ehrhart theory is the study of lattice-point enumeration in dilates of lattice poly-
topes. In particular, given any d-dimensional polytope P < R?, define the counting function

ehrp(n) := [nP n Z%,

where nP = {nx : x € P}. For example, if P is the standard 2-simplex conv{0, ey, 5} shown
in Figure 2.5 ehrp(n) counts the number of nonnegative integer solutions to 1 + x5 < n,
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which is

n+2 15 3
= - = 1. 2.
( 5 > g7 tgnt (2.5)

It is no coincidence that this is a polynomial of degree 2, in fact,

. A A

Figure 2.5: Dilates of the standard 2-simplex

Theorem 2.4.1 (Ehrhart, [56|). If P is a lattice polytope, ehrp(n) is a polynomial in n of
degree dim(P), called the Ehrhart polynomial of P.

One way to see this is to study its generating function

Ehrp(z) = Z ehrp(n)z",

n=0

called the Ehrhart series of P (we define ehrp(0) to be 1 for closed polytopes and 0
otherwise). Choose any disjoint lattice triangulation T of P, as in Section , and express

Ehrp(z) = Z Ehra(z2).

The homogenization hom(A) is defined to exactly contain the nth dilate nA of A at “height”
Tqy1 = n (see Figure , therefore the Ehrhart series enumerates all integer points x in the
cone hom(A), weighted by z®#+1. Thus, by equation [2.4]

Z Zyd+1

yehom(A)nZd+1

T (2.6)

Ehra(2) = ohom(a)(1,...,1,2) =
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SAatx3=3

2Aatx3=2

1Aatx3=1

Figure 2.6: The nth dilate of a polytope is the slice of its homogenization at x4,17 = n,
therefore the Ehrhart series is an enumeration of the integer points in the homogenization
of a polytope.

Therefore, for any d-dimensional polytope P and any disjoint triangulation 7 of P,

S on e

AeT \ yehom(A)nZd+1
(1 2yt

Ehrp(z) = (2.7)

The numerator of this rational function (i.e., (1—2z)%"! Ehrp(2)) is called the h*-polynomial
of P and is denoted h}(z). From the combinatorial interpretation of the coefficients of the
h*-polynomial in equation the fact that its degree is at most d + 1 (d for a closed
polytope) is immediate, as are the following two classical results of Stanley:

Theorem 2.4.2 (Nonnegativity, [107]). For any lattice polytope P, the coefficients of hi(z)
are nonnegative integers.
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Theorem 2.4.3 (Monotonocity, |107]). For any lattice polytopes P and @ such that P < @Q,
hp(2) < hi(2), coefficient-wise.

Moreover, being able to compute the h*-polynomial h%(z) = h%z% + -+ + hiz + hf from
the integer points in the fundamental parallelepipeds of the simplices in a triangulation of
P also enables us to explicitly compute the Ehrhart polynomial of P. By extracting the
coefficient of 2™ on both sides of the equation

o hyt 44+ hiz+ R

Ehrp(z) = 1=y Z(hdzd+---+hlz+h0)2( ; )z, (2.8)
n=0

we obtain .
d—i
ehrp(n) = th <n +d Z).
i=0

Comparing this expression to the standard 2-simplex example in equation [2.5 we see that
in this case we had a very simple h*-polynomial of 1. This polytope is an example of a
unimodular simplex, that is, a d-dimensional lattice simplex for which the generators of
its homogenization form a lattice basis for Z4*! (equivalently, a lattice simplex with volume
1/d!). The fundamental parallelepiped of the cone of a unimodular simplex only contains 1
lattice point (in particular, the sum of the generators corresponding to the vertices that are
opposite the removed facets), thus

Theorem 2.4.4. If A is a d-dimensional unimodular simplex with k removed facets, its
k

h*-polynomial is hi (z) = z~.
When a polytope has a unimodular triangulation, or a triangulation into unimodular
simplices, this makes computing its h*-polynomial very quick. For example, every order
polytope has a unimodular triangulation (namely, the one given in equation [2.2]). The
simplex corresponding to the linear extension ¢ has des o many facets removed, therefore

Bom(=) = ) 2

ceJH(II)

2.5 Ehrhart theory of rational polytopes

Since we can also express integer-point transforms of rational simplices in terms of their
(slightly larger) fundamental parallelepipeds, this generalizes to an Ehrhart theory of rational
polytopes. Given a rational polytope @ < R? with denominator ¢ > 1, define its Ehrhart
series to be
Ehro(z) = ). [nQ n 272",
n=0
Just as in the lattice case, Ehrg(z) enumerates all lattice points in the homogenization of
Q, therefore

Ehrg(2) = ohom(@)(1, ..., 1, 2).
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There exists a triangulation 7 of () into rational simplices of denominator ¢ EL and by
equation [2.4] the Ehrhart series of such a simplex A will be equal to

Z Zyd+1

yeO(A)nZd+1

EhI’A(Z) = (1 — Zq)dJrl

(for OJ(A) its fundamental parallelepiped formed using the generators at last coordinate q).
Now the last coordinate of an integer point in such a fundamental parallelepiped can be at
most ¢(d + 1), thus the Ehrhart series of () can be expressed in the form

hg(2)

Ehrg(z) = W )

for h¢(z) a polynomial of degree at most g(d + 1) (and at most g(d + 1) — 1 if @ is closed).
Again, h{)(z) is called the h*-polynomial of Q. Note that in the rational case, we have to
be slightly careful; we define the h*-polynomial to be the numerator when the denominator
of the Ehrhart series is (1 — 27)?*! (even if the rational function Ehrg(z) can be simplified).
For this definition h$(z) := (1 — 29" Ehrg(z), Stanley’s classical nonnegativity and mono-
tonicity results generalize using the same combinatorial interpretation of the coefficients of
the h*-polynomial. These results will be stated and explored much further in Chapter [

As the Ehrhart series of a rational polytope is more complicated when ¢ > 1, the counting
function [nQ N Z%| ends up being more complicated as well. The same method of expanding
out the Ehrhart series (as in equation and collecting the coefficient of 2™ on both sides
also reveals that [nQ n Z?| agrees with a polynomial in n, but which polynomial it agrees
with depends on the value of n mod g. See, for example, the rational triangle in Figure [2.7]
which has denominator 2 and an Ehrhart quasipolynomaial of period 2.

'Here, there is a subtlely in the denominator of the simplices. Because not all original vertices will be
used in every simplex, some simplices may end up having a smaller denominator. But we can always choose
to use a larger fundamental parallelepiped for such simplices, in particular the one with generators of last
coordinate ¢, effectively forcing each simplex’s Ehrhart series to still have denominator (1 — z7)4+1.



CHAPTER 2. BACKGROUND 17

9 9
gn +in+1 if n=0mod 2

gn2+—n+§ it n =1 mod 2
Figure 2.7: The Ehrhart quasipolynomial of the rational triangle conv{(0,0), (0, 1.5), (1.5,0)}

Theorem 2.5.1. If Q < R? is a rational d-dimensional polytope with denominator q, then
ehrg(n) := [nQ N Z%| agrees with a quasipolynomial in n. That is, there exist polynomials
Po(x),...,pg—1(x) of degree d such that

po(n) if n =0 mod q
n ifn=1 mod
ehrg(n) = pi(n) 'f q
Pg-1(n) ifn=q—1modq.

(Note that a particular polytope’s quasipolynomial might end up being periodic in some kl|q
many polynomials. If k < q, this is referred to as “period collapse.”)
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Chapter 3

Boundary h*-polynomials

In this chapter, we follow up Construction with an analogous construction of a disjoint
triangulation for the boundary of a polytope, which allows us to define the boundary h*-
polynomial. We then use the boundary h*-polynomial to revisit a theorem of Stapledon [123]
from a new lens and to develop new results for Gorenstein polytopes and rational dilations
of polytopes.

3.1 Introduction

Stanley’s theorem that h*-polynomials of rational polytopes have nonnegative coefficients
was refined by Stapledon [123] (for lattice polytopes, i.e., ¢ = 1) and Beck—Braun—Vindas-
Meléndez [19] (for rational polytopes), who showed that the h*-polynomial can be decom-
posed using palindromic polynomials with nonnegative coefficients. A palindromic polyno-
mial f(z) = Y, fiz' has symmetric coefficients, that is, f; = faeg(s)—i for i = 0,...,deg(f);
equivalently, 298) f(1) = f(z).

Theorem 3.1.1. Let P be a full-dimensional rational polytope with denominator q and let
¢ be the smallest positive integer such that (P contains an interior lattice point. Then

L+z+--+ 27!
I+z+--- 42071

R (2) = a(z) + 2°b(2) ,

where a(z) and b(z) are palindromic polynomials with nonnegative integer coefficients.

We remark that our assumption that P is full dimensional and our convention for h%(z)
imply that h%(z) is divisible by 142z +-- -+ 277!, because the leading coefficient of ehrp(n) is
constant (namely, the volume of P) and thus z = 1 is the unique pole with maximal order of
the rational function Ehrp(z); see, e.g., [113, Theorem 4.1.1]. Thus the decomposition of the
polynomial % R (z) into two palindromic polynomials as in Theorem [3.1.1]is unique
and an easy exercise. The point of Theorem is that a(z) and b(z) have nonnegative

coefficients.
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As was pointed out in [19], Theorem immediately implies the inequalities

. d+1)—1
h3+...+h;f+1> Z(d+1)71+"'+h2(d+1)717j7 ]:0,...,[‘1( +2) _J—l,

hed -4+ hi;=hi+-+hj, j=0,...,s,

where s := deg hj(z). For the case ¢ = 1 (i.e., lattice polytopes), they go back to Hibi |68,
71| and Stanley [116].

The case ¢ = ¢ = 1 of Theorem was proved much earlier by Betke-McMullen [29].
Writing a (combinatorially defined) polynomial as a sum of two palindromic polynomials
as in Theorem is often referred to as a symmetric decomposition and has applications
beyond a refinement of nonnegativity; we mention one representative (much more can be
found, e.g., in [36]): p(z) = a(z) + zb(z), with a(z) and b(z) palindromic, is alternatingly
increasing (i.e., the coefficients of p(z) satisfy 0 < py < pg < p1 < pg—1 < ---) if and only
if the coefficients of both a(z) and b(z) are nonnegative and unimodal (i.e., the coefficients
increase up to some index and then decrease).

Betke-McMullen’s, Stapledon’s, as well as Beck—Braun—Vindas-Meléndez’s proofs use
local h-vectors of a triangulation, their nonnegativity, and the Dehn—Sommerville relations.
Our main goal is to give an “easy” conceptual proof of Theorem [3.1.1}—in particular, one
that is independent of local h-vectors (though they are hiding under the surface). Our ansatz
is to study the h*-polynomial of the boundary of a rational polytope, and our second goal
is to exhibit that such a study is worthwhile, with the hope for further applications. The
connection to Theorem is that the h*-polynomial of the boundary of P, defined via

Ehrpp(z) == 1+ Z chrpp(n)z" = _gp(z) (3.1)

=1 (129"

equals a(z), for any ¢ and E;E| as we will see below, this equality follows from the uniqueness
of the symmetric decomposition and the palindromicity of h}p(z). We remark that,
a priori, it is not clear that we can always represent the generating function of ehrpp(n) in
the form (3.1); in particular, we will see below (where we will show that this form always
exists) that h}p(z) has degree gd, contrary to the degree of h%(2), and so the quasipolynomial
ehryp(n) does not have constant term 1.

To illustrate the philosophy behind our approach, here is a do-it-yourself proof setup for
Theorem |3.1.1]in the case ¢ = ¢ = 1:

e fix a (half-open) triangulation 7" of the boundary 0P and extend 7" to a (half-open)
triangulation of P by coning over an interior lattice point x;

e convince yourself that a(z) = h}p(z) is palindromic with nonnegative (in fact, as we
will show in Theorem [3.2.4] positive) coefficients;

'We suspect that this fact is well known to the experts, but we could not find it in the literature. We
thank Katharina Jochemko for pointing it out to us.
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e realize that the h*-polynomial of each half-open simplex A € T is coefficient-wise less
than or equal to the h*-polynomial of conv(A, x), and thus h}(2)—a(z) has nonnegative
coefficients.

It turns out that this philosophy works for general ¢ and ¢, with slight modifications (for
example, for ¢ > 1, the interior point & cannot be a lattice point). To state our ansatz from
a different angle, we approach Theorem by giving (1) a (positive, symmetric) interpre-
tation of a(z) and (2) an explicit construction which shows that a(z) < % h(2).
This point of view has consequences beyond a (somewhat short) proof of Theorem .
One of these consequences is an inequality among the two leading coefficients of an Ehrhart

polynomial which seems to be novel.

Corollary 3.1.2. Let P be a full-dimensional lattice d-polytope and let € be the smallest pos-
itive integer such that (P contains an interior lattice point. Then the two leading coefficients
of ehrp(n) = kgn® + kg_1n® ' + - + ko satisfy

/d
- 2 1.
5 kq = ki

numbers of the first kind. For j = d — 1 they yield (d'gl) kg = kq_1, which Corollary
improves upon.ﬂ

The structure of this chapter is as follows. Section |3.2] serves as a point of departure for
our study of h}p(z). We prove several inequalities for the coefficients of h}p(z), among them
a lower bound result (Theorem [3.2.4), which in particular shows that h}p(z) has positive
coefficients.

Section gives a construction for certain half-open triangulations we will need for our
proof of Theorem [3.1.1]in Section this section also contains a proof of Corollary

In Section [3.5] we discuss reflexive and Gorenstein polytopes, as well as their rational
analogues, and implications for these polytopes from the viewpoint of hjp(z). Our main
result in this section (Theorem says that if P is a rational polytope with denominator
q such that gP is reflexive, then

Betke-McMullen [29, Theorem 6] gave upper bounds for each k; in terms of k4 and Stirling
aE

14zt
Sl oz 29l

hp(2)

hap(2)

In Section [3.6| we prove an analogue of Theorem for rational (or, equivalently, real)
Ehrhart dilations.

2We thank Martin Henk for reminding us about the Betke-McMullen inequalities and asking whether
they could be improved using our setup.
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3.2 h*-polynomials of boundaries of polytopes

We start by addressing some of the subtleties in defining the Ehrhart series (and thus the
h*-polynomial) of 0P, especially when we ultimately compute the Ehrhart series using a half-
open triangulation of the boundary. The reason for the convention that Ehrsp(2) (and
therefore also h}p(z)) has constant term 1 is Ehrhart—Macdonald reciprocity (see, e.g., |25,
Corollary 5.4.5]): it says that the rational generating functions Ehrp(z) and

hpe(z)

Ehrpo(2) := Z ehrpo(n)z" = (1= sa)dt

n=1

are related via

Ehrpe(2) = (=1)%*" Ehrp(2)

or, equivalently,
D pE (1) = hb(2).

z

As Ehrpp(z) = Ehrp(z) — Ehrpo(2), we obtain

hipl(z) = PO L)

and thus h},(z) is palindromic, i.e.,

2 h3p(1) = hip(2). (3.2)

(See |25 Proposition 5.6.3] for connections to more general self-reciprocal complexes and the
Dehn-Sommerville relations.)

So h*-polynomials of boundaries of polytopes are in a sense more restricted than h*-
polynomials of polytopes. Even further, as we will show in Theorem below, h%p(2) has
no internal zero coefficients, which is far from true for hj(z) (see, e.g., [79]).

On the other hand, there is the following alternative extension of nonnegativity of h¥(z)
due to Stanley [107] (we state only the version for lattice polytopes):

Theorem 3.2.1. Let P and Q be lattice polytopes with P < Q. Then hp(z) < hj(2)
coefficient-wise.

Monotonicity does not hold for h},(z), as the following example exhibits.

Example 3.2.2. Let
P = conv{(0,0),(0,2),(2,0),(2,2)} and @ = conv{(0,0),(0,2),(2,0),(3,3)}.

Then
hip(z) = 14 62 + 22 and hio(z) = 144z + 27

Thus P < Q but hip(z) = hig(z) coefficient-wise.
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Moreover, even though 0P < P, it is not always true that h3p(z) < hj(z): while h3p(2)
always has degree ¢d, there are many polytopes for which h%(z) has lower degree. On the
other hand, the ¢ = ¢ = 1 case of Theorem [3.1.1] implies

hp(z) = hop(2) + 2b(2),

thus when P is a lattice polytope containing an interior lattice point, it is true that h}p(z) <
h%(z). The rational version gives us a more general necessary condition in terms of ¢ and ¢
for hp(z) < h%(2) to hold (again, assuming Theorem [3.1.1)):

Corollary 3.2.3. Let P c R? be a rational polytope with denominator q, and let £ > 1 be
the smallest dilate of P that contains an interior lattice point. If ¢ < q, then hip(z) < hp(2).
(In particular, when P is a lattice polytope, ¢ = 1 suffices.)

Proof. By Theorem (with the interpretation a(z) = h3p(2)) and the assumption ¢ < ¢,

e (2) hp(2)
IL+z+--- 42071 I+z+--- 42071

hip(2) < (T +z+-- 4270 S(T+z+-+271

coeflicient-wise. O

The following lower-bound result is a restatement of a theorem of Stapledon [123, Theo-
rem 2.14] (and a simplified proof) in our language:

Theorem 3.2.4. If P is a lattice d-polytope with boundary h*-polynomial hip(z) = h;P’dZdJr
o+ hipyz + hipg then

1:h;P,0<h;P,1<h2P,j fOTjZQ,...,d—l.
In particular, hp(z) has positive coefficients.

This result parallels a lower-bound theorem of Hibi [68], who proved that if P is a d-
dimensional lattice polytope with h*-polynomial hj(z) = b} 427 +- -+ hj 2 + b of degree
d (i.e., P contains an interior lattice point), then 1 = hjp, < hjp; < hp,; for j=2,...,d—1.
Our proof mirrors that of Hibi; it turns out that adapting it for h},(z) simplifies the proof.

Proof of Theorem[3.2.4} Let T be a triangulation of 0P that uses every lattice point in 0P
(i.e., every lattice point in 0P is a vertex of a simplex in 7T'), with h-vector (ho,...,hq)
defined, as usual, via

d—1
hd Qfd + hd—l ZBd_l + -+ ho = Z fk: $k+1(1 - x)d_l_k
k=—1
where f; denotes the number of k-simplices in 7" and f_; = 1. The definitions of h and h*

imply
hi=fo—d=1[0PnZ~d=hip,. (3.3)
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(Stanley [110] proved much more about relations between h and h*.) Barnette’s famous
lower bound theorem [15] (see also |69, Theorem 13.1]) says

Finally, we apply a theorem of Betke and McMullen [29, Theorem 2| to our situation: it
yields

(Betke-McMullen [29] prove much more, giving a formula for 2* in terms of local h-vectors.)

The inequalities (3.3)), (3.4), and (3.5)) line up to complete our proof. ]

We finish this section by recalling, for the record, another set of inequalities for h%p(2) in
the special (and important) case that P admits a regular unimodular boundary triangulation,
once more due to Stapledon [123, Theorem 2.20]:

1_h* <h* < <h* d * < 2P,1+j—1
= Nopo < Nop1 < " S Mgp g an 0Py S j :

3.3 Half-open boundary triangulations

Our approach is to triangulate 0 P into disjoint half-open simplices of dimension d—1, in order
to avoid inclusion—exclusion arguments. There is a subtlety stemming from our convention
that the hA*-polynomial of 0P has constant term 1, which we need to address here.

Before introducing the half-open boundary triangulations we will use in the later proofs,
we recall the Ehrhart series of a half-open simplex. Let A € R? be the simplex with vertices
Vi,...,Vq41 € %Zd, where the facets opposite vy, ..., v, are missing. That is, let

A,y A >0
A= Mo+ -+ Ags1Vas1 0 Mgy Agpr =0
M+ F A1 =1

Its Ehrhart series is
Ehra(z) := Z ehra(n)z",
n=0
with constant term 1 if and only if A is closed, therefore it is possible for its expression as
a rational function to be improper. That is, as seen in the construction below, the Ehrhart
series can still be expressed in the form

ha(z)
EhI'A(Z) = m,
but it is possible for the h*-polynomial to have degree equal to ¢(d + 1). The following tiling
argument of the homogenization of a rational simplex will also be crucial to the proof of
Theorem [3.1.7] in the next section.
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Construction 3.3.1. We follow |25, Section 4.6] and define the homogenization of A to be
the half-open cone

r d+1
hom(A) := Z R-o <1iﬁ> + 2 R-o ("’iﬂ) c R
j=1 Jj=r+1

Observe that the intersection of hom(A) with the hyperplane x4.; = n gives precisely a copy
of the nth dilate of A, whence

Ehra(z) = Z Z%d+t,
xchom(A)nZa+1
Define the fundamental parallelepiped of A to be
r qV; d+1 qv.
Fa = 0,1( ‘7)4— 0,1 ( j).
soa(y)+ X (",

Because the generators of hom(A) are linearly independent, hom(A) can be tiled with trans-
lates of Fa. More precisely, every point in hom(A) can be uniquely expressed as the sum of
a nonnegative integral combination of the (q;’j ) and an integral point in Fa. This yields

md+1

z
EhrA(Z) - Z Z qu?1+~..+qk’d+1+md+1 _ mefimi:;;Jrl

k1, kq+1€220 meFanZd+!

Observe that we chose the fundamental parallelepiped to have generators each with last

coordinate g, however it is not necessary for this to be the case. For example, suppose

Qs - - -, qa+1 are such that v; € iZd“. Then we can tile hom(A) with translates of the
J

fundamental parallelepiped

Fh o= i(o, 1] (qfqvj) + di [0,1) (qqu])

J J

j=1 j=r+1
to obtain the expression for the Ehrhart series
Zmd+1
EhI‘A(Z) = 2 Z Zq1k1+“'+l1d+1kd+1+md+1 _ ZWE}-IA“ZCIH

(1 — Z‘h) cee (1 — Z‘]d+1) )

ki,....ka41€220 meF) nZI+1

Therefore, the denominator in our resulting expression of the Ehrhart series depends on
our choice of fundamental parallelepiped, a subtlety that will be important in the following
section.

Naturally, we would like to construct a triangulation of 0P such that
hip(z) = D hA(2) (3.6)
AeT

when 7T is a disjoint half-open triangulation of 0P. We achieve this as follows:
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e For a d-dimensional rational polytope P with denominator ¢, choose a rational tri-
angulation 7" of 0P into (d — 1)-dimensional simplices with denominators dividing g.
This can be accomplished, for example, by picking a triangulation that uses only the
vertices of P.

e Use the convention to express the Ehrhart series as if each simplex A € T has denom-
inator ¢, i.e., define
hi(z) = (1 — 29)?Ehra(z2).
This guarantees that we will already have a common denominator when adding up the
Ehrhart series of the simplices in the boundary triangulation.

e Apply Construction below to turn T into a disjoint triangulation with exactly
one closed simplex. This guarantees that the constant term of Ehryp(z) will match the
constant term of the sum of the Ehrhart series of the simplices in 7.

Once we are able to construct such a disjoint boundary triangulation 7" with exactly one
closed simplex, we will obtain

Z % - Z Z ehra(n)z" =1+ Z ehrop(n) = %,
AeT (1 z ) n=>0 AeT = (1 > )

as desired.
Fortunately, the following construction gives a disjoint boundary triangulation 7" into
half-open (d — 1)-simplices, exactly one of which is closed; for such a T', we will have ({3.6)).

. o "

°
<
9o—o

Figure 3.1: Making a boundary triangulation disjoint via a visibility construction. Closed
facets are shown in blue and open facets are shown in orange.

Construction 3.3.2. Fix a rational polytope P and a rational triangulation 7" of 0P into
(d — 1)-dimensional simplices. We will construct, from this given 7', a disjoint boundary tri-
angulation into half-open simplices. Choose any point « € P° and let 7" be the triangulation
of P given by coning over T, i.e.,

T":= {Pyr(x,A): AeT}
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where for

A:{)\1U1+"'+/\dvd: AMyoo oy, Ag =0 }

M+ A =1

we define

Pyr(x, A) := {)\11}1 + o+ AU+ AT i?—i— - ‘)\jf;\dio: 1 } :
Choose a point y € P that is generic with respect to 7", i.e., y is not contained in any
facet-defining hyperplane of any simplex in 7”. For each simplex A’ € T, remove all facets of
A’ that are visible from y, i.e., remove all facets F' of A’ such that y is not in the halfspace
corresponding to F' that defines A’ (see, e.g., [25, Chapter 5| for more details about half-open
triangulations using a visibility construction). This makes 7" into a disjoint triangulation
of P, which restricts to a disjoint triangulation of dP. Moreover, the only closed simplex in
the disjoint triangulation of 0P is the one corresponding to A’ that contains y. An example

is shown in Figure (3.1}

Remark 1. We note that if 7" is a disjoint lattice triangulation with exactly one closed
simplex, then h%p, is at least the number of simplices in 7" with k missing faces (since the
fundamental parallelepiped of such a simplex has a lattice point equal to the sum of the
k generators opposite those missing faces). In the example in Figure , if T is a lattice
triangulation, we learn that hip(z) = 1+ 3z + 22, coefficient-wise.

3.4 Symmetric decompositions of h*-polynomials

We will now prove Theorem [3.1.1] using a half-open triangulation of the boundary of the
polytope. The geometric interpretation of the coefficients of the h*-polynomial of a half-
open simplex in Construction[3.3.1]allows us to compare h*-polynomials of simplices via their
fundamental parallelepipeds, which will ultimately allow us to compare h}(z) and h3p(2).
In the lattice case, we will see the finite geometric series 1 + z + --- + 27! arise naturally
as the correction between the denominator of the Ehrhart series of a lattice polytope and
the denominator of the Ehrhart series of a rational polytope with all integral vertices except
for one vertex with denominator ¢. In the rational case, we will see the term %
arise as the correction between the denominator of the Ehrhart series of a rational polytope
with denominator ¢ and the denominator of the Ehrhart series of a rational polytope with

all denominator-g vertices except for one vertex with denominator £.

Proof of Theorem[3.1.1] Let T be a disjoint triangulation of dP into (d — 1)-dimensional
rational half-open simplices with denominator ¢. By Construction [3.3.2] we may assume
that exactly one simplex in T is closed. Let & € P° be such that (x € ((P)° n Z%; by
the minimality of ¢, we know that x has denominator ¢. Given A € T, let Pyr(x, A) be
the corresponding half-open d-simplex. These simplices give rise to the disjoint rational
triangulation 7" := {Pyr(x,A) : A€ T} of P.
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We first claim that for any A e T,
h;yr(m,A)(z) = h*A(z) + Ze bA(’Z) (37)

for some polynomial ba(z) with nonnegative coefficients. To see this, let vy,..., vy € Q4

be the vertices of A (so quy,...,qvg € Z). Relabel the vertices such that the facets of A

opposite vy, ..., v, are missing and the facets of A opposite v,,1,...,vy are present in A.
Now we apply Construction with the half-open parallelepiped

F e erm’ 1] <q;)j) i i [0,1) (q;&)

j=1 j=r+1
yielding
YimeFanzitt 2T
Ehr = Smesan
Meanwhile, Pyr(x,A) is a d-dimensional simplex with vertices vy, ..., vq, &, with missing
facets opposite vy, ..., v, and included facets opposite v,,1,...,vq,x. Then we again apply

Construction m (noting the choice of fundamental parallelepiped) to obtain a tiling of
r d
hom(Pyr(x, A)) = Z R, <Uf> + Z R-g <v13> + Rxo (f)
j=1 j=r+1

with translates of the half-open parallelepiped

F — 017 (7 0. (1) 10,1y (@

ey = 20 () + X 0 () <00 (7)

giving

md+1
Zme}'pyr(m’m nZ4+1 4

(T — =211 - )

Ky +--+ qka+ ka1 +m
EhrPyr(:c,A)<Z) = Z 2% FaTHan TN =

d+1
mE-FPyr(m,A)mZ +

Now let m be a lattice point in Fpy,(z,a), say

m = a (q;“) +otag (q;’d) + (6;) (3.8)

with 0 < aq,...,a, <land 0 < apyq,...,0q, 0 < 1. If 3 =0, then m e Fa. If 8 > 0, then
the first d coordinates of m are given by

a1qUy + - -+ + agqug + Bl
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and since § > 0, this is a lattice point in mgy1(Pyr(a, A)\A), where
Mas1 = 01q + -+ aqq + (L.

But by the minimality of ¢, we know that j(Pyr(ex, A)\A) contains no lattice points for
j=1,...,0—1; thus, mg,, > {. Therefore,

h;yr(w,A)(z) = Z ZMa+t = Z ZMa+l Ze bA(Z)

MEFpyr(w,a)NLIH meFanZi+l
= hi(2) + 2 ba(2)
for some polynomial ba(z) with nonnegative integral coefficients, which proves claim (3.7)).
Summing over all A € T now yields

2iner Pbyr(a.a (2) or (hA(2) + 28ba(z
Ehrp(z) = Z Ehrpyr(z,n)(2) = <1A_ zq)d((l f)zﬂ) _ 2 (1(_ zg)ig_ zf)( )

AeT

Define bp(z) := > acr ba(2), which we know to be a polynomial with nonnegative integral

coeflicients. Thus
Wo(z)  hip() + 2 bp(2)

Ehmﬁz)::(l__zﬂd+1::(1__2Qdu.—zg

and so
L+z+-- 4271
L4+2z+ -+ 2071
By (3.2), hip(z) is palindromic with 294 k%, (L) = h%p(2), and the palindromicity of

1—2¢
—= hi(2) — hip(2)
bP(Z) = L r ZZ i

follows from this, h}(z) = hi.(2) + (1 — 29)h3p(2), and Ehrhart—Macdonald reciprocity:

hi(2) = hip(2) + 28 bp(2).

11
1 /-1 N N
7 <z‘1 1 24+ hpo(3) — 2% hap(l))
1 [/1-2" .
it LORO)
= bp(2)
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Remark 2. If P < R is a lattice polytope, it is well known that h%(z) equals the h*-
polynomial of Pyr(eq, P) = R% Our above proof implies for more general pyramids

hp(2) < Pyr(a: P)(Z)

coefficient-wise, for any « € Z? not in the affine span of P. Moreover, the proof reveals a
rational analogue:

Corollary 3.4.1. Let P < R be a rational polytope with denominator q. Then
h}k?(z) = h;yr(ed,P) (’Z) )

where hs(2) = (1 — 27)YEhrp(2) and hgrieqp)(2) = (1 — 20)%(1 — 2) Ehrpyy(e, py(2). If
x e %Zd, then
]’L};(Z) < hlﬂ;’yr(m,P) (Z) )

where h(2) = (1 — 29)¢Ehrp(z) and A r(a.py(2) = (1 — 29)%(1 — 2") Ehrpyy(a,p)(2).

We finish this section with proving Corollary

5.1.2 h%sl) , which in turn
equals kg; this follows, e.g., by writing ehrp(n) in terms of the binomial-coefficient basis (Z),
(”;1), c (”;d) (and then the coefficients are precisely the coefficients of h}(2); see, e.g.,

[24, Section 3.5]). By the same reasoning, (51’ W equals the sum of the volumes of the facets

of P, each measures with respect to the sublattlce in the affine span of the facet. This sum,
in turn, is well known to equal 2 k;_;. Putting it all together,

Cd kg =Chp(1) = hip(l) =2(d — 1) kg—q,
where the inequality follows from specializing Theorem [3.1.1] (with the interpretation a(z) =
hip(2)) at z = 1. o

3.5 Symmetric decompositions of h’-polynomials of
Gorenstein polytopes

A d-dimensional polytope P is reflezive if it is a lattice polytope that contains the origin in
its interior and one of the following (equivalent) statements holds:

1. the dual polytope of P, i.e.,
P:={xeR':z-y<1lforalye P},

is a lattice polytope;
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2. P={xeRY: Az < 1}, where A is an integral matrix and 1 is a vector of all 1s.

Since h*-polynomials are invariant under integral translation, we allow translates of re-
flexive polytopes. Now we need not require that 0 € P°, and the following statements are
all equivalent to being an integral translate of a reflexive polytope:

L. |[PPnZ% =1and (t+1)P°nZ*=tP nZ% for all t € Z;

2. P contains a unique interior lattice point that is lattice distance 1 away from each facet
of P;

3. 2t hp(L) = ().

If P is a lattice polytope and there exists an integer g > 1 such that gP is reflexive, we
say that P is g- Gorenstein.

By retracing the steps in the proof of Theorem but observing that there is no g > 0
case if P is reflexive, we can obtain a relationship between h}(z) and hjp(z). Similarly,
we can do this for Gorenstein polytopes. Both relationships quickly imply that h%(z) is
palindromic since h%p(2) is. In this section we will see these results as corollaries of more
general theorems for rational polytopes.

Fiset and Kasprzyk generalized the notion of being reflexive to rational polytopes in [57].
They define a polytope P < R? to be rational reflexive if it is the convex hull of finitely
many rational points in Q?, contains the origin in its interior, and has a lattice dual polytope.
Equivalently, a rational polytope P is rational reflexive if it has a hyperplane description
P ={xeR: Az < 1}, where A is an integral matrix.

Fiset and Kasprzyk prove the following:

Theorem 3.5.1. If P is a rational reflexive polytope, then h(2) is palindromic.

In their proof, they define the “A*-polynomials” corresponding to each of the components
of the Ehrhart quasipolynomial of the rational polytope, show (using reciprocity) that the ith
such polynomial is equal to the (¢—1—1i)th polynomial with coefficients read backwards, and
finally show that the h*-polynomial of the rational polytope can be written in terms of these
smaller polynomials. This is a generalized version of Hibi’s proof [70| that lattice polytopes
with lattice duals have symmetric A*-polynomials. Our proof in the previous section shows
the lattice version in an alternative way, and in this section, we will show the rational version.
By , Fiset—Kasprzyk’s theorem is an immediate corollary of the following:

Theorem 3.5.2. If P is a rational reflexive polytope with demominator q, then
hp(z) = (1 +z4+--+ qu) ip(2).

Proof. Fix a disjoint half-open triangulation 7" of 0P into (d — 1)-dimensional simplices using
the vertices of P. Fix A € T, say A = conv(vy,...,vy) with vy,...,v,4 € %Zd, where the
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facets of A opposite vy, ..., v, are missing and the facets opposite v, 1, ..., vy are included.
We now follow the steps in our proof of Theorem [3.1.1| using the fundamental parallelepiped

e 2(0’ N (q;fj) N zd: [0,1) (qz;j)

j=1 j=r+1
yielding
DimeFanzitt 20
Eh = ==an
and ;
- quU; qu; 0
Foos = 2011 () + 3 0.0 () + 0.0 (9)
j=1 Jj=r+1
giving

md+1
Zme]—'pyr(o,m NZa+1 z

(1 =291 - 2)

d qU; 0
p= 2 () (),

with 0 < ay,...,a, <1l and 0 < ay41,...,a4, 0 < 1. The simplex A is contained in some
facet-defining hyperplane of P, say

Ehrpy.0,4)(2) =

Fix a point p € Fpyr(0,a), Say

H={meRd:a1x1+---+adxd=1},

where ay,...,aq € Z. Consider the value of a;p; + -+ + agpg (where py,...,pgy1 are the
coordinates of p). If v; ; denotes the jth coordinate of v;, then

aipr + -+ +agpg = ar(Qiquiy + -+ @gquar) + -+ aa(@iquag + - + QaqUaa)
= qai(a1vig + -+ agurg) + - + qaglarvgr + - -+ Vaa) -

Since each of vq,...,v4 € H, this is equal to
qog + -+ qag = pay1 — B

If p is a lattice point in Fpyo,a), then both a;p; + -+ + agpq and pgy1 are integers, so 3
must also be an integer. This forces § = 0 and thus

Feyr0,8) N L = Fa 0 27 (3.9)

Therefore,
hA(2)
1—29)41—2)"

EhrPyr(O,A)(z) = (
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Summing over all A, we obtain

hip(z
Bhrp() = 7= Z(Z)d((l) —2)

and so h(z) = (1 + 2+ -+ + 297 Hh3p(2). O

Observe that a (lattice) reflexive polytope is a rational reflexive polytope that happens
to be a lattice polytope, so letting ¢ = 1 yields the following result:

Corollary 3.5.3. If P is a (lattice) reflexive polytope, then h}(2) = hip(z).

Remark 3. We note that for rational reflexive polytopes (as opposed to lattice reflexive
polytopes) it is not necessarily the case that P = {x € R? : Az < 1} implies that the origin
is lattice distance 1 away from each facet-defining hyperplane of P. It is possible for a given
facet-defining hyperplane to not contain any lattice points and thus be lattice distance less
than 1 from the origin. However, the equality between the sets of lattice points in the
two fundamental parallelepipeds still holds.

We extend the definition of a rational reflexive to a rational Gorenstein polytope in a
natural way. Let P be a rational polytope and let ¢ = 1 be an integer. We say that P is
rational g-Gorenstein if gP is an integral translate of a (lattice) reflexive polytope. We allow
gP to be a translate of a reflexive polytope so that we do not force P to have an interior
point. Also note that, if we have a rational g-Gorenstein polytope with denominator ¢, we
must have ¢|g.

Theorem 3.5.4. If P is a rational g-Gorenstein polytope with denominator q, then
o l4z4 420!

Wp(e) = T Ep(2).

Sketch of Proof. The unique interior lattice point of ¢gP is lattice distance 1 away from the
facet-defining hyperplanes of gP, so there is some polynomial f(z) such that

_f) LG
Ehrap(Z) = m and Ehrp(Z) = W .
On the other hand, h%p(2) and h}(2) are such that
_ _Nee(2) _ (2
Ehrap(Z) = m and Ehrp(Z) = m .
Therefore,
(127 (1207 (1 =29

h‘;P(Z) = mf(z) = (1 _ Zg)d (1 _ Zq)dJrl }k:’(z)

1—29 *

L+z+-+2971
= 1_thP(Z)_

R
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Observe that a (lattice) g-Gorenstein polytope is a rational g-Gorenstein polytope that
happens to be lattice, so letting ¢ = 1 yields the following generalization of Corollary [3.5.3]

Corollary 3.5.5. If P is a (lattice) g-Gorenstein polytope, then
ip(2) = (1+2+ ...+ 29 Hhb(2).

Due to the palindromicity of h},(z), these relations immediately imply that reflexive,
Gorenstein, rational reflexive, and rational Gorenstein polytopes all have palindromic h*-
polynomials.

3.6 A generalization to rational Ehrhart theory

In the last decade, several works have been devoted to an Ehrhart theory of rational poly-
topes where we now allow rational (or, equivalently, real) dilation factors. The fundamental
structure of the Ehrhart counting function in the rational parameter A > 0 is that

ehrg(P; A) := [AP n Z¢|

is a quasipolynomial in \; this was first shown by Linke [83|, who proved several other results
about ehrg(P; \), including an analogue of Ehrhart-Macdonald reciprocity; see also |13, 99,
122, |124]. Our goal in this section is to prove an analogue of Theorem in this setting.

To this end, we first recall rational Ehrhart series, which were introduced only re-
cently [20]. Suppose the full-dimensional rational polytope P = R? is given by the irre-
dundant halfspace description

P = {zeR’: Az <b},

where A € Z"*% and b € Z" such that the greatest common divisor of b; and the entries in
the jth row of A equals 1, for every j € {1,...,n}. We define the codenominator r of P to
be the least common multiple of the nonzero entries of b. It turns out that ehrg(P;\) is
fully determined by evaluations at rational numbers A with denominator 2r; if 0 € P then
we actually need to know only evaluations at rational numbers A with denominator r |20,
Corollary 5|. This motivates a study of the two generating functions

Ehrg (P;z) := 1+ ) ehrg(P;2) 27

n=1

and

Ehr(b‘?f (P;z):=1+ Z ehrg(P; 3%) P

n=1

which have the following rational form, as shown in [20, Theorem 12].

Theorem 3.6.1. Let P be a rational d-polytope with codenominator r.
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(a) Let m € Z~o be such that ™ P is a lattice polytope. Then

h(P; z;m)
X . Q (g}
Ehl"@ (P, Z) = —(1 ~ Z%)dJrl
where hiy(P; z;m) is a polynomial in Z[z7] of degree < m(d+1) with nonnegative integral
coefficients.

(b) Let m € Z~q be such that 5:P is a lattice polytope. Then

h*ref(P. P m)
ref . _ o T
Ehrg' (P;2) = —(1 v

where i (P; z;m) is a polynomial in Z|z2| of degree < m(d + 1) with nonnegative
integral coefficients.

Possibly more important than this theorem are the consequences one can derive from it,
and |20] (re-)proved several previously-known and novel results in rational Ehrhart theory.
The latter include the facts that hf(P;z;m) is palindromic if 0 € P° and that, if 7|m,
extracting the terms with integer exponents from h§,(P; z;m) returns hj(z), which results
in yet another proof of the Betke—McMullen version of Theorem (the ¢ =1 case).

Theorem [3.6.1] is based on the observation that

h(a(P; z;m) = ’;P(z%) and haref(P; z;m) = h”%P(zi);
note that m is implicitly included in the h*-polynomial, as we really mean the numerator of
the Ehrhart series of 2P (respectively, o= P) when the denominator is (1 —2™)%*!. The same

observation yields the following variant of Theorem for rational Ehrhart theory.
Corollary 3.6.2. Let P be a rational polytope with codenominator r.
(1) If 0 € P°, then hi(P; z;m) is palindromic.

(2) If 0 € 0P, let m € Z=q be such that ™ P is a lattice polytope and let £ = 1 be the
smallest dilate of %P that contains an interior point. Then

1—2r
1—2 W (P; zm) = a(z) + 2+ b(2)
— 2T

where a(z) = h(dP;z;m) and b(z) are palindromic polynomials in Z[z+] with non-
negative integer coefficients.
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(3) If0 ¢ P, let m € Z~q be such that 3> P is a lattice polytope and let £ = 1 be the smallest
dilate of 2_17~P that contains an interior point. Then

J4

1 2
.= Z; hf&re{(P; z;m) = a(z) + 2o b(2)

— Z2r

where a(z) = hi*(0P; z;m) and b(z) are palindromic polynomials in Z[z2r ] with non-
negative integer coefficients.

Example 3.6.3. Let P = conv{(0,0), (0,2),(5,2)}, alternatively the intersection of the
halfspaces
{ZL‘l = O} M {1'2 < 2} N {51‘2 — 2[L‘1 = O}

From this, we can see that P has codenominator r = 2. Since 0 € 0P, we look at the rational
dilate
LP — conv{(0,0), (0, 1), (3, 1)},

The first dilate of %P containing an interior lattice point is the ¢ = 2nd dilate, which contains
the points (1,1) and (2,1). We choose m = r = 2 minimal, and we compute the associated
h*-polynomial of %P:

Po(z) = (1-2%)° Ehrép(z) =144z +72° + 62° + 22*
2
and so
hi(P;22) = 1+ 423 + 7z + 627 + 222

= (1—|—4z%+62—|—4z%+22)—|—z(1+22% + 2).
We can check that the first polynomial in the decomposition is equal to
h* (3 P; 22) — h*(%PO;z%)

1— (22)2

— 1+ 427 + 62 + 427 + 22

he(P;2;2) = h* (91 P; 22) =

Moreover, the power in front of the second polynomial is z = 23 = 2+ and both polynomials
are palindromicf]

3We thank Sophie Rehberg for suggesting this example and helping with computing it.
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Chapter 4

Weighted h*-polynomials

In this chapter, we explore the idea of adding weights to our lattice, and we generalize
Ehrhart polynomials, Ehrhart series, and (mostly) h*-polynomials to weighted versions. Of
particular interest to us is classifying which weight functions preserve Stanley’s classical
nonnegativity and monotonicity results.

4.1 Introduction

Let P < R? be a rational convex polytope, that is, a polytope with vertices in Q%, and let
w : R — R be a polynomial function, often called a weight function. A computational
problem arising throughout the mathematical sciences is to compute, or at least estimate,

the sum of the values w(z) := w(xy,...,x4) over the set of integer points belonging to P,
namely
ehr(P,w) = Z w(zx).
rePNZ4

Weighted sums of the above type are also a classical topic in convex discrete geometry
where they have been studied for a long time under the name polynomial valuations |2,
33,91}, [97]. They appear in the work of Brion and Vergne [44], who used weighting in the
context of Euler-Maclaurin formulas. Other ideas of what it means to be weighted have
been proposed later on, for instance, by Chapoton [47], who developed a related g-theory for
the case when w(z) is a linear form, also by Stapledon [125|, who explored a grading with
piece-wise linear functions, and by Ludwig and Silverstein [88|, who introduced and studied
Ehrhart tensor polynomials based on discrete moment tensors.

Important applications of such weighted problems appear, for instance, in enumerative
combinatorics [6} 53|, statistics [49, [55], non-linear optimization [52], and weighted lattice
point sums, which have played a key role in the computation of volumes and integrals over
polytopes [12].

The sum of the weighted integer points in the nth dilate of the rational polytope P for
nonnegative integers n € N is given by the weighted Ehrhart function ehr(nP,w). The main
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object of this chapter is the generating function

Ehr(P,w;z) = Z ehr(nP, w)z"

n=0

called the weighted Ehrhart series. The fact that the weighted Ehrhart series is a rational
function has been known for a long time, e.g., it has been used in computational software for
at least ten years (|14, 45]). For our purposes we see in Proposition why Ehr(P, w; 2)
is a rational function of the form

P (2)
Ehr(P,w; z) = W

whenever P is an r-dimensional rational polytope; here m = deg(w), h},,(2) is a polynomial
of degree at most ¢(r + m+ 1) — 1, and ¢ denotes the smallest positive integer such that ¢P
has vertices in Z?, called the denominator of P.

We say that the empty polytope has denominator 1. We call h},,(2) the weighted h*-
polynomial of P and its list of coefficients the weighted h*-vector of P with respect to the
weight w.

From the rationality of Ehr(P,w;z), it follows that the weighted Ehrhart function
ehr(nP,w) is a quasipolynomial in n, that is, it has the form

d+m

ehr(nP,w) = Z E;j(n)n'

where the coefficients E; : N — R are periodic functions with periods dividing the denomi-
nator of P. The leading coefficient of the A*-polynomial is equal to the integral of the weight
w over the polytope P; these integrals were studied in [16], [18] and [12]|. If w = 1, that is, if
ehr(nP,w) = [nP n Z4|, then we recover the classical Ehrhart theory counting lattice points
in dilates of polytopes. Even in this case, it is an NP-hard problem to compute all of the
coefficients E;. See |17, 24 for excellent introductions to this topic.

In the classical case of w = 1, a fundamental theorem by Richard P. Stanley, often called
Stanley’s nonnegativity theorem, states that the h*-polynomial of any rational polytope has
only nonnegative integer coefficients [112]. Even stronger, for rational polytopes P and
Q such that P < Q, Stanley proved h},(z) < hf,(2) where < denotes coefficient-wise
comparison. This last property has been known as h* monotonicity property. For details
and proofs see e.g., |26, 107} [112].

Positivity and nonnegativity of coefficients is important in algebraic combinatorics (see
e.g., [118] and its references), but we must stress that one nice aspect of our results is they
connect to the nonnegativity of the associated h*-polynomial as real-valued functions. This
is a topic that goes back to the work on real algebraic geometry by Hilbert, Polya, Artin and
others (see [90, 96]), and it has seen renewed activity in the classical methods of moments,
real algebraic geometry, and sums of squares decompositions for polynomials because it
provides a natural approach for optimization algorithms (see |30, |90]).



CHAPTER 4. WEIGHTED h*-POLYNOMIALS 38

Motivated by this prior work and context, this chapter discusses the nonnegativity and
monotonicity properties of the coefficients of weighted h*-polynomials, as well as their non-
negativity as real-valued functions.

Our Contributions

In contrast to its classical counterpart, the weighted h*-polynomial may have negative co-
efficients, even when the weight function is nonnegative over the polytope and all of its
nonnegative dilates. For example, when P is the line segment [0, 1] € R, one can calculate
that

22+ 2

1
Ehr(P 1;2) = ——— and Ehr(P,2%2) = =

(1—2)?
and so their sum is
222 —2+1
(1—2)*

As can be seen in this simple example, adding Ehrhart series corresponding to weights of
different degrees may introduce negative coefficients to the A*-polynomial since the rational
functions have different denominators. We therefore focus on homogeneous polynomials as
weight functions. For an investigation of how to deal with more general weights see [53].

We now consider the following, slightly more general setup, where the weight function
w may depend not only on the coordinates of the points nP n Z? but also on the scaling
factor n. For any rational polytope P € R?, the cone over P (or, as defined in Chapter ,
the homogenization of P) is the rational polyhedral cone in R¢*™!

Ehr(P, 2% + 1;2) =

C(P) := cone(P x {1}) = {e(p,1) | ¢ = 0,p € P}.
For any polynomial w in d + 1 variables we consider the weighted Ehrhart series

Ehr(P,w; z) = Z w(x)z%r,

zeC(P)nZ4+1

Let C(P)* be the cone consisting of the linear functions on R4*! that are nonnegative on
C(P). If the cone C(P) is defined by linear inequalities ¢; = 0,...,¢,, = 0, then C(P)* is
a polyhedral cone generated by nonnegative linear combinations of ¢1,...,¢,,. We focus on
the following two families of polynomials in d + 1 variables as weights functions:

(i) the semiring Rp consisting of sums of products of linear forms in C(P)*. Each element
of Rp has the form c¢1/* + --- + ¢l where cq, ..., ¢, are positive real numbers and
(e ... 0™ are monomials in the generators /1, ..., ¢, of C(P)*; and

(ii) the semiring Sp consisting of sums of nonnegative products of linear forms on P. If a
product of linear forms is nonnegative on P, then each of the linear forms involved is
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either nonnegative on all of P or appears with an even power; otherwise the product
would change sign across the hyperplane where the linear form vanishes. Therefore, an
element of Sp has the form 1% +- - - + 5,0* where sy, ..., s are squares of products of
any linear forms and ¢, ... (" are monomials in the generators ¢y, ..., ¢, of C(P)*.

In Rp each of the linear forms involved are nonnegative on P. In contrast, in Sp,
each product is nonnegative but the individual linear forms may have negative values in
P. Thus we have Rp < Sp. Both semirings are contained in the preordering generated by
ly, ..., ¢, consisting of elements of the form s1/* + - - - 4+ s,.* where s; are arbitrary squares
of polynomials instead of just squares of products of linear forms. See, for example, [90].

The main results of this chapter are the following.

Nonnegativity Theorem. (Theorem [4.2.5)). Let P be a rational polytope, C(P) its cone,
and C(P)* the dual cone of linear functions on R4 which are nonnegative on C(P). Let
Rp and Sp be, respectively, the semirings of sums of products of linear forms in C(P)* and
of sums of nonnegative products of linear forms on P.

1. If the weight w is a homogeneous element of Rp, then the coefficients of h} ,(z) are
nonnegative.

2. If the weight w is a homogeneous element of Sp, then h},, (2) =0 fort = 0.

As we mentioned before Stanley also showed that the classical h*-polynomials satisfy a
monotonicity property: for lattice polytopes P and @), of possibly different dimension, such
that P < @, we have h}(2) < h§(z) where < denotes the coefficient-wise inequalities [107].
This can be seen as a generalization of the nonnegativity theorem when we set P = J in
which case the Ehrhart series and thus the A*-polynomial is zero. Now we are able to prove
the following:

First Monotonicity Theorem. (Theorem 4.2.7)). Let P,Q < R? be rational polytopes,
P < Q, and let g be a common multiple of the denominators §(P) of P and 6(Q) of Q.
Then, for all weights w e Ry,

(1+ S0P 4y ngé(P)>dimP+m+1h;w<Z) < (1+ @) 4oy ngé(Q)>dimQ+m+1haw(z).

In particular, if P < Q are polytopes with the same denominator, then taking g = 6(P) =
Q) gives
Wpa(2) < hiyol2). (4.1

Second Monotonicity Theorem. (Theorem [4.2.8)). Let P,Q < R? be rational polytopes
of the same dimension D = dim P = dim @), P < @, and let g be a common multiple of the
denominators 6(P) of P and 6(Q) of Q. Then, for all weights w € Sq,

(1420 g 070 PNDEmtA s () < (14 2@ o o0 0@ DEmeLs ()
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forallt = 0. In particular, if P < Q) are polytopes with the same denominator and dimension,
then taking g = 6(P) = §(Q) gives

hp.(2) < hg,,(2) for allt = 0. (4.2)

We wish to emphasize that while Theorem [4.2.5]is a generalization of Stanley’s nonneg-
ativity theorem, Theorem [4.2.7]is closer in spirit to Pdlya’s theorem on positive polynomials
which says that if a homogeneous polynomial f € R[Xy,...,X,] is strictly positive on the
standard simplex

An:: {($17,,.,$n>€Rn|{L‘17,,.,$n>o,$1+"‘+xn:]-};

then for sufficiently large N, all of the nonzero coefficients of (X} +- -+ X, )V f(X1,..., X,)
are strictly positive. Note also, the semiring Rp is a homogenized version of the semiring
appearing in Handelman’s theorem [65] which says that all polynomials strictly positive on
a polytope P lie in the semiring generated by the linear forms which are nonnegative on the
polytope. We remark that all homogeneous polynomials are sums of (unrestricted) products
of linear forms and it is an important problem to find such decompositions (see |3} 92|
98| and references therein). Thus our restriction to Rp and Sp is a natural approach to
understanding nonnegativity and bringing us close to the best possible result.

To study the limitations of our results we focus on the case when the weight is given by
a single arbitrary linear form. In this case we strengthen our results for two dimensional
lattice polygons.

Theorem [4.3.3 For every (closed) convex lattice polygon P and every linear form (, the
h*-polynomial of P with respect to w(z) = (*(x) has only nonnegative coefficients.

In particular, this shows that the weighted h*-polynomial of any convex lattice polygon
has nonnegative coefficients, even when the linear form takes negative values on the polygon.
Furthermore, we provide examples that show that this result is no longer true if the assump-
tions on the polytope or weight are relaxed. In particular, we construct a 20-dimensional
lattice simplex and a linear form such that the h*-polynomial with respect to the square of
the linear form has a negative coefficient (Example . These results have interpreta-
tions and implications in terms of generating functions of Ehrhart tensor polynomials. In
particular, the example mentioned above gives a counterexample to a conjecture of Berg,
Jochemko and Silverstein |28, Conjecture 6.1] on the positive semi-definiteness of h*-tensor
polynomials of lattice polytopes (Corollary .

Unlike the classical results of Stanley for w = 1, where techniques from commutative
algebra can be applied since the Ehrhart series is actually the Hilbert series of a graded alge-
bra, we do not see an obvious connection to commutative algebra methods. Instead, to prove
Theorems [4.2.5] and [4.2.7] we consider the cone homogenization of polytopes and half-open
decompositions and follow a variation of the triangulation ideas first outlined by Stanley
in [112]. While this methodology has been used by many authors since then [8} 26, 79|, we
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require a careful analysis of the properties of the semirings Rp and Sp. For this we consider
multivariate generating functions for half-open cones and provide explicit combinatorial in-
terpretations using generalized ¢-Eulerian polynomials [126]. The g-Eulerian polynomials
and their relatives frequently appear in enumerative and geometric combinatorics |22} |34}
43, 63].

This chapter is organized as follows. In Section we give an explicit formula for the
weighted multivariate generating function for half-open simplicial cones (Lemma. This
formula then allows us to show the rationality of the (univariate) weighted Ehrhart series
(Proposition as well as the first part of Theorem by specialization and using
half-open decompositions. The second part of Theorem is obtained by considering
subdivisions of the polytope induced by the linear forms involved in the weight function. A
more refined analysis then also allows us to prove the monotonicity Theorems4.2.7|and 4.2.8|
In Section we focus on the case when the weight function is given by a square of a single
linear form and prove Theorem [4.3.3] We also show that the assumptions on convexity,
denominator, dimension and degree are necessary by providing examples. In Section [4.4] we
describe the connections and implications of our results to Ehrhart tensor polynomials. In
particular, we show that weighted Ehrhart polynomials can be seen as certain evaluations of
Ehrhart tensor polynomials (Proposition , and thus, positive semi-definiteness of h%-
tensor polynomials is equivalent to nonnegativity of weighted h*-polynomials with respect
to squares of linear forms (Proposition . In particular, Example disproves |28,

Conjecture 6.1] (Corollary |4.4.4)).

4.2 Nonnegativity and monotonicity of weighted
h*-polynomials

Generating series

Let P < RY be a rational polytope of dimension r with denominator ¢ and let w : R — R be
a polynomial of degree m. In this section we will see that Ehr(P, w; z) is a rational function
of the form

hpw(2)

Ehr(P,w;z) = W,

where h}, ,(2) is a polynomial of degree at most ¢(r +m + 1) — 1. Our main goal is to study
positivity properties of the numerator polynomial. Our approach uses general multivariate
generating series of half-open simplicial cones and specializing to obtain the univariate gen-
erating function of the homogenization C(P) following ideas outlined in [112]| but requiring
careful analysis of the semirings Rp and Sp.

For a polynomial w(z) in d variables, the multivariate weighted lattice point generating
function of the cone C'is Y 74 w(x)z® where 2* = 27" - -- 27 is a monomial in d variables.
We will now show that this generating function is a rational function and give an explicit
formula when the weight is a product of linear forms.
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Our expression uses the following parametrized generalization of Eulerian polynomials.
For X € [0, 1], let A}(2) be the polynomial defined by

Z (n+ \)4" = Ai2)

= (1 _ Z)d+1'

If A =1, then this is the usual Ehrhart series of a d-dimensional unit cube and A}(z) is the
Eulerlan polynomial, all of whose roots are real and nonpositive. If A = 1 for some integer

> 1 then r¢A)(z) equals the r-colored Eulerian polynomial [126]. For each ) [0,1] the
polynomial A2 (2) also has only real, nonpositive roots |42, Theorem 4.4.4|. In particular, all
of its coefficients are nonnegative. We formally record this in a lemma.

Lemma 4.2.1 (|42, Theorem 4.4.4]). For any integer d = 1 and real number X € [0,1], the
coefficients of A}(z) are nonnegative.

Our computations additionally use some concepts which we now introduce. For consis-
tency, we assume that the polytopes live in the d-dimensional space R? while cones live in
the ambient space R+,

Let C be a half-open (r + 1)-dimensional simplicial cone in R¢*! generated by nonzero
integer vectors vy, ..., v,41 € Z%! with the first k facets removed where 0 < k < r+1. More
precisely,

C={cvy+ -+ |1y >0, Chrr,. .., Crpq =0}

Since C is simplicial, every point « € C can be written uniquely as
=T+ S1U1 + +* + Sp41Ur+1
where sq,...,S,,1 are nonnegative integers, and z is in the half-open parallelepiped
D={Nvr+ -+ X101 [0 <A, A <L 0< Apgry o Arr < 1

We obtain the following explicit formula for the multivariate generating function of a
half-open simplicial cone if the weight is a product of linear forms. Since every polynomial
is a sum of product of linear forms, namely monomials, this gives a formula to compute the
generating function for any polynomial weight.

Proposition 4.2.2. Let C be an (r + 1)-dimensional half-open simplicial cone in R with

generators vy, ..., V.41 tn Rp. Letw =y --- L, be a product of linear forms in d+1 variables.
Then
e A|1 (|$)( 7)
Z w(w)z® = 2 z 2 H€ v1) H li(Vpsq HW
aeCnZd+1 zellnZd+1 Lw-wl.y1=[m]i€l1 i€lry1
(4.3)

where 11 is the half-open parallelepiped as above and each x € 11 is written x = A\ (z)vy +
4+ Ney1(2)vrp1. The innermost sum runs over all the ordered partitions of [m] into r + 1
(possibly empty) parts and I} w - - - w I,1 denotes the disjoint union of these parts.
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Note that when m = 0 and the weight is constant, there is only the partition into empty
sets where by definition the products are all 1 (empty products) and the Eulerian polynomials
are all 1.

Proof. Using that any o € C'is @ = x + s1v1 + - - - S, 410,41 for x € I1, the generating function
is

D w(e)z” > (ﬁmw) 2°

aeCnZd+1 aeCnZ4+1 \i1=1
m
= Z Z R Z H&(w + 5101+ + 3r+1'Ur+1) SEHSIVIH S 1V
zellnZd+1 5120 sr4+120i=1
~ ~~ -

(%)
Since x € Il is & = Ay(x)vy + -+ + A\py1(2)vr41, using linearity of each ¢; we can expand out

(*) = Z nf,((sl + /\1(1‘))1)1)] R [ 1_[ Ei((‘ST-i-l + )\7"+1(‘,L‘))UT’+1)]

Lwwly1=[m] Liel i€lrq1

= Z H&(w)] [ H Ei(vr+1)] (81 + )\1(3;))\11| .. (5r+1 + )\r+1($))|h+l‘-

Lwwl,y1=[m] Li€l t€lry1

where i € I; represents the term (s; + A;(z))v; being chosen from ¢; when multiplying out.
Placing this into our original series, we obtain

r+1
Z w(a)z® = 2 2 Z ngi(vl) T H Ci(vr41) 1_[ (Z (sj + )‘j(x))ljzsjvj>~ (4.4)
aeCnZd+1 zellnZd+1 Lw-wl1=[m] i€l i€lr 41 j=1 \s;=0

For the innermost sum on the right, we can write for each j
Aj(z) .
A ()
(1 — zo)+T

3 55+ (@) ()" =

SjZO

(4.5)

This completes the proof. O

In order to show that Ehr(P,w; z) is a rational function for any rational polytope P we
consider partitions into half-open simplices. Given affinely independent vectors uy, ..., u,11 €
R?, the half-open simplex with the first k € {0,1,...,r + 1} facets removed is defined as

r+1 r+1
A= ZC{UHL"Cl,...Ck>0,Ck+1,...,CT+120,2)\2‘:1 R
=1 =1
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and the homogenization of A is the half-open simplicial cone
C(A) = {Clvl B G LV | | c1>0,...,¢>0,c04120,...,¢41 2 0}

where v; = (u;, 1) for all 4.

Given an r-dimensional polytope P and a triangulation, we can partition P into half-
open simplices in the following way. Let ¢ be a generic point in the relative interior of P
and let S = conv{uy, ..., u,.1} be a maximal cell in the triangulation where conv{-} denotes
the convex hull. We say that a point p € S is wvisible from q if (p,q] NS = . A half-open
simplex, denoted H,S, is then obtained by removing all points that are visible from ¢, which
can be seen to be equal to

H,S = {crur + -+ + ¢rartip1 € S | ¢ > 0 for all i € I}

where I, = {i € [r + 1] | w; not visible from ¢}.
The following is a special case of a result of Képpe and Verdoolaege [81].

Theorem 4.2.3 ([81]). Let P be a polytope, q € aff P be a generic point and Sy, ..., S,, be
the mazximal cells of a triangulation of P. Then

P = H,S5w HS w---wHS,
1 a partition into half-open simplices.
With the notation as in the previous theorem, it follows that
C(P) = C(HyS) wC(H,S2) w - w C(HySm), (4.6)

that is, the homogenization C(P) of P can be partitioned into half-open simplicial cones.
This, together with Proposition [4.2.2] allows us to show rationality of Ehr(P, w; z).

Proposition 4.2.4. For any rational polytope P of dimension r and any degree-m form w
on C(P), the weighted Ehrhart series is a rational function of the form

P (2)
(1 _ Zq)r+m+1

Ehr(P,w; z) =
where q is a positive integer such that qP has integer vertices and hp,,(2) is a polynomial of
degree at most q(r +m + 1) — 1.

Proof. Let Si,...,S,, be the maximal cells of a triangulation of P using no new vertices,
that is, for all 7, the vertex set of S; is contained in the vertex set of P. Let

P = H,S v H,S w---wH,S,
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be a partition into half-open simplices, and let

Ehr(H,S;, w; z) = Z w(x)zrar
x€C(HgS;)nZ4+1

for all . By equation (4.6)), we have
Ehr(P,w; z) = Ehr(H,S1,w; z) + - - - + Ehr(H Sy, w; 2).

It thus suffices to prove the claimed rational form for all half-open simplices in the partition.

Let A = H,S; be a rational half-open simplex in the partition. Let vy,..., v,y € Z4!
be generators of the half-open simplical cone C(A). Since the triangulation of P used only
vertices of P, we can choose v1, ..., v,1 € Z%*! such that their last coordinates are all equal
to q.

Since every degree-m form is a sum of monomials, each of which is a product of linear
forms, it furthermore suffices to consider the case when w is a product of linear forms. The
weighted Ehrhart series is obtained by substituting z; = --- = 2z = 1 and z4,1 = t into the
generating function in Proposition [£.2.2] Thus

r+1 A"j(ﬂﬁ)(zq)

Ehr(A, w; z) = Z Z%d+t Z Hf vy) H Ci(Vr i1 Hl;)”’“

zellnZd+1 Lhwwl1=[m] i€l i€lry1

where II is the half-open parallelepiped in C(A) and each z € II is written x = A\ (x)v; +

c At A1 (@)U
Since [I1| + -+ [ly41| + 7+ 1 =m +r + 1, we have

e 1
H II T (1 paymeret” (4.7)
Then we have
r+1
h*A,w(Z) = Z ZPaH Z Hé Ul 1_[ E 'U7"+1 H (| )(Zq) (48)
zellnZd+1 Lw-wl.y1=[m] i€l i€ly11 j=1
Thus the claim follows with hp,,(2) = hiy s, ., (2) + -+ ki s, W0(2)- O

Remark 4. In the multivariate version of the weighted Ehrhart rational function, the denom-
inators do not simplify nicely as in . When bringing all constituents of the multivariate
generating function of C(P) in a common denominator this affects the positivity of the
numerator polynomial.
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Nonnegativity

We are now ready to prove the main theorem stated in the introduction. Recall that Rp is
the semiring consisting of sums of products of nonnegative linear forms on P and Sp is the
semiring consisting of sums of nonnegative products of linear forms on P.

Theorem 4.2.5 (Nonnegativity Theorem). Let P be a rational polytope.

1. If the weight w is a homogeneous element of Rp, then the coefficients of h}, ,(z) are
nonnegative.

2. If the weight w is a homogeneous element of Sp, then h}, ,(2) =0 fort = 0.

Proof. Let P be a rational polytope of dimension r.

For (1), it suffices to prove the statement when the weight is a product of nonnegative
linear forms on C(P). The proof follows from the argument given in the proof of Proposi-
tion where hp,,,(2) is expressed as a sum of polynomials A} () as given in Equation
where A ranges over all half-open simplices in a half-open triangulation of P. Each of the
vectors v; in Equation |4.8|is a generator of C(P). Thus, if w € Rp, hj ,,(z) has nonnegative
coefficients and so does h} () as a sum of these polynomials.

For (2), let w be a product of linear forms ¢4, . . ., £, on C(P), and assume w is nonnegative
on P. First suppose ¢1,...,¢, all have rational coefficients. Subdivide P into rational
polytopes using the hyperplanes ¢; = 0,...,¢,, = 0. Let s be a positive integer such that s@)
has integer coordinates for every r-dimensional polytope @ that is part of the subdivision.
Then s is divisible by the denominator ¢ = 6(P) of P. On each such polytope @, each linear
form ¢; is either entirely nonnegative or entirely nonpositive, and the number of nonpositive
ones is even because their product w is nonnegative. Thus after changing the signs of an
even number of the linear forms on @), which does not change w, we can apply the part (1)
result to obtain that

ha(2) H(2)(1 + 2@ | pso@yrmtl

EhI’(Q,’LU; Z) - (1 _ Zs)r+m+1 - (1 _ Zé(Q))r+m+1(1 + 20(Q) + ...+ ZS*(S(Q))T‘Ferl

where hg(2) has nonnegative coefficients for every polytope @ in the subdivision since hg, ,,(2)
has nonnegative coefficients by part (1). The weight w is zero on the boundaries where the
polytopes overlap in the subdivision, so the Ehrhart series of P is the sum of Ehrhart series
of the r-dimensional polytopes in the subdivision. Summing them up gives

h(z)

(1 _ Zs)r-‘rm-‘rl’

Ehr(P,w; z) =

for some polynomial h(z) with nonnegative coefficients. Since s is divisible by the denomi-
nator g of P, we have

Puw(?) h(z) h(z)

(1 — zayrmtl (1 — zs)rimel (1 — 20)(1 + 29 + 220 4 - - 4 z574))r+mtL’
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SO
hpw(2)(1+ 27 + 220 4 YT p(y),

The polynomial h(z) has nonnegative coefficients, so h(z) > 0 for ¢ > 0. It follows that
pw(2) > 0forallt > 0. This proves part (2) when the linear forms have rational coefficients.
To deal with irrational coefficients, note that for a fixed polytope P, the map that sends

a weight w to the corresponding h*-polynomial h};yw(z) is a linear, hence continuous, map
from the vector space of homogeneous degree m polynomials to the vector space of degree
< r 4+ m polynomials. The set of polynomials h* satisfying h*(z) = 0 when ¢t > 0 is a closed
set. Thus we obtain the result (2) for linear forms with irrational coefficients as well. ]

Monotonicity

In this subsection we generalize Stanley’s monotonicity result for the h*-polynomial for
rational polytopes to a weighted version by proving Theorem [£.2.7 Our proof follows a
similar structure as the proof of nonnegativity. We start by proving a version of the claim
for pyramids over half-open simplices and then extend it to all rational polytopes. This will
become useful when comparing h*-polynomials of polytopes of different dimension in the
general case.

Given a half-open r-dimensional rational simplex F' < R?, say

F={ v+ + XU [ A A =0, 40,0, A > 0,0 + -+ Ay = 1
and a rational point u € R? not in the affine span of F, we let the pyramid of u over F be

Pyr(u, F) := {pu + Aoy + -+ + A\pp10,41 |
[L,/\l,...,)\k20,/\k+1,...,/\7«+1>0,M+/\1+"'+)\T+121}.

We denote the s-fold pyramid of u,...,u, € Q% over F by
Pyr® (uy, ... ug, F) := Pyr(uy, Pyr(us, . .. Pyr(us, F))),
now a half-open simplex of dimension s + r.

Lemma 4.2.6. Let F < R be a half-open r-dimensional rational simplex with denominator
I(F) and let A be an s-fold pyramid over F with denominator §(A). For all g = 1 divisible
by 0(A) and allw =ty -+ L,, € Ra,

(1 + Zé(F) 4t Zg_é(F))r+m+1h;w<Z) < (1 + Zé(A) 4ot Zg_é(A)>S+T+m+1h*A’w(Z).
Proof. Let vy,...,v,.41 € ﬁZd be vertices of F', labeled such that

F={\vi+ 4+ X101 [ A, A =0, 1, A > 0,0 + -+ A = 1}
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Suppose uq, ..., Us € @Zd are such that A = Pyr(s) (ug,...,us, F), that is, suppose
A = {pug + -0+ st + v+ AU |
,ul,...,[l,s,)\l,.. s A = 0)\k+1,...,)\r+1>0,,U1—|—"'+,LLS+>\1+"'+)\T+121}.

Considering the cone C(F') with generators of last coordinate g and fundamental paral-
lelepiped

Hg(F) = {)\1 (ggl) —|—--'+)\r+1 (gU;+1) |O<>\1,,/\k < 170<)\k+17--~;)\r+1 < 1},

we obtain by Proposition [1.2.2]

r1
Z Zran Z Hf gut) H i(gvria HA (|)(Zg)

xelly(F)nZd+1 Lw-wl,y1=[m] i€l i€l 11

(1 _ Zg>r+m+1

Ehr(F,w; z) =

(4.9)
Analogously, considering the cone C(A) with generators of last coordinate g and funda-
mental parallelepiped

S]ltl fyits 571}1 SJQ)T-FI
I,(A) = o + A + A
g() {M(g) N(g) 1(9) H(g)’

Og,uly"'nusyAly---a)\k<170<Ak+17"'7>\7"+1<1}7

we obtain by Proposition [1.2.2]

Ehr(A, w; 2) (4.10)
s+r+1
Z Faas Z H( gur) H 4i(gury) H 0 (guy) H li(gus) A‘)}f(‘z)( 9)
o z€lly(A)nZA+1 L wlgp,p1=[m]ieh i€l 41 i€l q2 i€lsqrt1 j=1

(1 _ Zg)s+7“+m+1

Observe that I1,(F) < II,(A). In particular, the points in II,(F") are those in II,(A) with
p1 =+ = s = 0. Therefore, for every = € I1,(F) n Z*!, each term in the inner sum of the
numerator of appears as a term of the numerator of withl,,o=-=1I,,1=9
(where \,y1(z) = -+ = Agipy1(x) = 0). Thus, since w € Ra, the nonnegativity of the
remaining terms implies that

(1 — 29" "™ Ehr(F,w; 2) < (1 — 297" 1 Ehr(A, w; 2).

Recalling that the denominators of the Ehrhart series Ehr(F,w;z) and Ehr(A, w;z) are
(1 — Z8Er+m+l and (1 — 0A))str+m+l regpectively, we cancel these denominators and get
the desired claim

(L4 20 o g0 Eremit e (o) < (14 280 g o @ yseremitpg (o)
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We are now ready to prove the monotonicity theorems stated in the introduction. Recall
that R¢ is the semiring consisting of sums of products of nonnegative linear forms on Q.

Theorem 4.2.7 (First Monotonicity Theorem). Let P, Q < R? be rational polytopes, P < Q,
and let g be a common multiple of the denominators §(P) of P and 6(Q) of Q. Then, for
all weights w € Ry,

(1+ 0P 4o Zg—&(P))dimP+m+1h;w<Z> < (1+ L@ 4oy Z9—5(Q))dimQ+m+1hZ%w(Z)‘

In particular, if P < @Q are polytopes with the same denominator, then taking g = §(P) =

4(Q) gives
b (2) < heo(2) (4.11)

Proof. 1f P is empty, then h%}  (z) = 0, so the statement becomes part (1) of the Nonneg-
ativity Theorem (Theorem above. Now let us assume that P is nonempty. We can
extend a half-open triangulation of P to a half-open triangulation of () as follows.

Let T be a half-open triangulation of P into simplices of dimension dim P with denom-
inators dividing 6(P). Choose uy,...,us € Q N gl]Zd, where s = dim () — dim P, so that for
each F' € T the s-fold pyramid Ap = Pyr®(uy,...,u,, F) < Q is a half-open simplex of
dimension dim ). This is always possible by, for example, starting with a triangulation of P
using no new vertices and choosing uy, ..., u, successively from the vertices of () that do not
lie on the affine hull of the previous ones together with P. Let Pyr(s)(P) denote the union
of the Ap which form a half-open triangulation. By Lemma [£.2.6] for every F € T,

(1 + ZJ(F) 4ot Zg—é(F))dimP+m+1h}k:"w<Z) < (1 + ZJ(AF) 4ot Zg_E(AF))dimQ+m+lh*AF’w(Z).

(4.12)
The left-hand side of (4.12)) is equal to (1 — 29)4mP+m+1 Ehr(F, w; 2) and the right-hand side
of (4.12)) is equal to (1 — 29)4m@+m+tL Ehy(Ap, w; 2). Therefore, summing over all F € T
yields

(1 — z9)dimPEmtl Bhy(Pow; 2) < (1 — 29)30 @+ Bhy(Pyr®) (P), w; 2). (4.13)

Next we extend the half-open triangulation of Pyr(s)(P) to a half-open triangulation 7" of
the entire polytope ). This can be done by using a sequence of pushings (or placings) of
the vertices of () that are not in P to extend the triangulation of Pyr(s)(P) to (Q; see page
96 and Section 4.3 of [54] for more details. Using a generic point in Theorem to be in
the interior of Pyr(s)(P) the resulting triangulation of ) becomes half-open. Each half-open
simplex in 7" has dimension dim @ and denominator dividing g. By Proposition for
each A € T', (1 — 29)3m@+m+1IEhr(A, w; 2) is a polynomial with nonnegative coefficients.
Therefore,

(1 — z9)dmQ@tmtl Bhy(Pyr®)(P), w; 2) < (1 — 29)4m @ Bhy(Q, w; 2). (4.14)
From (4.13) and (4.14]) it follows that

(1 — 29)dmPEm+l Bhy(Paw; 2) < (1 — 29)3m @+ Bhr(Q, w; 2).
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Equivalently,
(1 + Z(S(P) RN 29_5(P))dimp+m+1h;w(z) < (1 + Zé(Q) Lot Zg_(s(Q))dimQ+m+lh*Q7w(z).
O]

Theorem 4.2.8 (Second Monotonicity Theorem). Let P,Q < R? be rational polytopes of
the same dimension D = dim P = dim@Q, P < @, and let g be a common multiple of the

denominators 6(P) of P and 6(Q) of Q. Then, for all weights w € Sq,
(1+220F) o o0 0PN DMt () < (14 22@) g 2070@N Pt (2)

forallt = 0. In particular, if P < Q are polytopes with the same denominator and dimension,
then taking g = 6(P) = §(Q) gives

PP (2) < ho(2) for allt = 0. (4.15)

Proof. Let w be a product of linear forms ¢4, ..., £,,, on the homogenization C(P) such that w
is nonnegative on P and /4, ..., ¢,, have rational coefficients. Now, let us use the hyperplanes
l; =0,...,4, =0, as in the proof of Theorem m (2), to subdivide P and () into rational
polytopes P{,..., P, and Q},...,Q}, P/ < Q,, respectively. Note, if any of these polytopes
in the subdivision has dimension smaller than D then it is included in one of the hyperplanes
and thus its A*-polynomial is zero. Thus, we can compute the Ehrhart series of P and @ by
summing up the series of those subpolytopes P/s and Qs where dim(P/) = dim(Q') = D,
and we may assume that each P/ in the subdivision of P that we consider is contained in a
unique polytope @} in the subdivision of Q.

As before, every linear form ¢; with 1 < ¢ < m is either entirely nonpositive or entirely
nonnegative on each such polytope P/ < Q). Hence, we can change the signs of an even
number of linear forms on P! and )} without changing the weight w since the product of
these linear forms is nonnegative.

Let ¢’ be a positive integer multiple of all the denominators of P’s and Qs in the sub-
divisions that additionally is also a multiple of g. We may now apply Theorem to all
P! < Q) and obtain that

(142200 ... ¢ 29/75(P{))D+m+1h}{7w(z) < (1+42°@) 4 ... 4 zg/fé(Q;))D+m“hZ?;7w(z) :
We can rewrite this as

(1 — 29)Prm L Ehr(P! w; 2) < (1 — 29) P Ehe(Q), w; 2) .

Since the weight w is zero on the boundaries of the subdivision given by the linear forms
ly,...,4,, we can add up the inequalities for all pairs of polytopes P, < (); obtaining the
following

(1 — 2P Bhr(Pw; 2) < (1 — 29)P ™ Ehr(Q, w; 2) . (4.16)
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The left hand side of the inequality (4.16]) equals
(1 + 29 44 Zg’—g)D+m+1(1 + Z(S(P) I Zg_a(P))D+m+1h}k;7w(Z)

and similarly for Q. Thus, we obtain that the polynomial (1+29+- - -429 ~9)P+™+1 multiplied
with

(1+ 2% o 9 0@ DEmEL () — (L4 2°0) o 00PN DEmF L, (2) (4.17)

has only nonnegative coefficients. In particular, evaluations at ¢ > 0 of the product are
nonnegative. Since (1 + 29 + --- + 29 79)P+m+1 = () the nonnegativity of the evaluation of
the second factor at nonnegative reals follows.

For linear forms with irrational coefficients as well as for an arbitrary element of Sp, we
can argue again by linearity and continuity of the coefficients of the h*-polynomials as in the
proof of Theorem [£.2.7] O

Unlike the unweighted case of Stanley [107] the following example shows that the mono-
tonicity in (4.15)) need not hold when the polytopes do not have the same dimension:

Example 4.2.9. Consider w = (2 for {(z) = 2x; + 379, v1 = (3,-2),v9 = (2,-2),v3 =
(2,—1), P = conv(vy,vy), @ = conv(vy,va,v3). We have (v1) = 0,0(vg) = —2,0(v3) =
1. Both P and @) are unimodular simplices, thus there is only one lattice point in the
fundamental parallelepiped, namely 0. Thus, by Lemma with all \; = 0, we obtain

hw(2) = 22(0(v1) + L(v2) + L(vs))* + 2(€(v1)* + L(v2)? + L(v3)?) = 2* + 5t

hpw(2) = 22(0(vy) + (1)) + 2(L(v1)? + £(v)?) = 42* + 4t

Thus, the coefficients of the A* polynomials are not monotone, and neither are the values
since h{),,(1) =6 <8 = hp,,(1). O

Remark 5. As was shown in Example the monotonicity in does not need to
hold for rational polytopes P,Q < R?, P < @, of different dimension. In this case, the same
arguments as in the proof of Theorem [1.2.§ nevertheless yield the existence of an integer g
divisible by §(P) and 6(Q) such that

(1 + Z&(P) 4ot Zg_(s(P))dimPer—Hh;w(Z) < (1 + Zé(Q) 4t Zg—é(Q))dimQ+m+1haw(z)

for all ¢ > 0 if the linear forms involved in the weight function have rational coefficients.
Here we are no longer able to choose any ¢ divisible by §(P) and §(Q), as the integer g
depends on linear forms involved.
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4.3 Squares of arbitrary linear forms

In this section we focus on weights given as squares of arbitrary linear forms, not necessarily
in Rp and h*-polynomials of polygons in the plane, and strengthen Theorem in this
special case. We prove that if P is a convex lattice polygon and the weight w(z) = £(x)?
is given by a square of a linear form £(x) then the coefficients of h} ,(z) are nonnegative,
regardless of whether ¢(x) is nonnegative on P or not. This result is established in Theorem
below. This is a reformulation of results on the positivity of Ehrhart tensor polynomials
of lattice polytopes considered in [28]. See Section below. Here, we present a proof that
is arguably more elementary. We also present examples that show the limitations of our
results if the conditions on the degree, dimension, denominator or convexity are removed.

Lattice polygons

We begin by providing the following more concise version of Equation (4.8)) in the case of
the weight being given as a square of a linear form that holds in any dimension.

Lemma 4.3.1. Let £ : R - R be a linear form. The h*-polynomial hA (%) with respect to
the weight w = (2 of any rational simplex A = conv{uy, ..., u,} with denominator q is given
by the sum of the contributions

@ (S = X\)w)® 220 + (X2 (w) + (D 0(w))” — (S Nl(w)” = (D1 = \)e(wy)?) 20 + (S Nil(wy))?) 27 (4.18)

of each lattice point x = > N\(z)(qui, q) € TI(A) N Z4+L in the fundamental parallelepiped
where all summations are taken for indices i from 0 to r.

Proof. If w(z) = ¢(x)* then the weight is a product of m = 2 linear forms and the contri-
butions of each lattice point in the fundamental parallelepiped given in Equation (4.8) is a
linear combination of products of A}(z) = 1,

A3(2)=(1—=N22+ (1 +22 =22 )2+ 2* and  A}2)=(1—-N)z+ A

for 0 < A < 1. More precisely, we use the homogenized linear form ¢’ associated with ¢ that
takes in account the scaling factor in Equation (4.8)). Then ¢'(qu;,q) = q¢'(u;, 1) = ql(u;)
and we get that the contribution of any such point z = > \;(qus, q) is

qQ(Z A ECw)+2 Y A?%zq)Aif<zq>£<ui>e<uj>)

o<i<r O<i<y<r

where the first sum corresponds to the ordered partitions [2] = [y w [} w -+ w I, into r + 1
parts where |[;| = 2 for some i and the second sum corresponds to partitions for which
|I;| = |I;] = 1 for some i # j.

The factor ¢* is present in both cases. The coefficients of 227 and 1 (times 2%+1) of the
polynomial above are easily seen. Indeed, the first sum contributes Y(1 — \;)2¢?(u;) and the
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second sum contributes 2> (1 — ;) (1 — A\;)0(u;)0(u;) to the coefficient of z*¢. Combining
these, we obtain (3](1 — \)€(w;))? as claimed. Analogous arguments yield the coefficient of
1 of every contribution.

A similar analysis gives that the coefficient of 27 is equal to

ML+ 22 — 2002 (w;) + 22((1 AN (1 )\j))\i>€(ui)€(uj)

i i<j

= > (142X = 2X7) P (u;) + 2 (2 )\if(ui)> <Z(1 - Aj)f(uj)> — 2> X(1 = M) (w)

J

— Zﬁ(ui) +2 (Z )\Z-E(ui)) (2(1 - Aj)f(uj)) :

J

By squaring both sides of the identity

ZE(Ui) = (Z AM(“:’)) + (Z(l - AjW“j))

we get the claimed coefficient of 29. O

Lemma 4.3.2. Let A < R? be a half-open triangle with vertices in 7%, let £ : R> — R
be a linear form and let w(x) = (*(x). If the h*-polynomial h} ,,(z) of A with respect to
w(x) = (2(x) has negative coefficients then the following two conditions must both be satisfied.

(i) A is neither completely closed nor completely open, and

)

(i) the line ker £ intersects the relative interior of two sides of A that are either both “open’
or both “closed”.

Proof. Let ug, uy,us be the vertices of A. We argue by induction over the area of A.

We begin by assuming that A has area !/, the minimal area among all triangles with
vertices in the integer lattice. In this case, the half-open fundamental parallelepiped IT1(A)
contains exactly one lattice point & = Ag(ug, 1)+ A1 (ug, 1)+ A2 (ug, 1) where Ao, A1, Ay € {0, 1}.

If A is completely closed then A\g = A} = Ay = 0 and by Lemma [4.3.1],

2
Pau(2) = (D lw) 22+ (X)) .
Similarly, if A is completely open, then \g, A\; = Ay = 1 and

M) = (Y E(ui))2 24 (Y ew)?)

In particular, in both cases we see that the h*-polynomial has only nonnegative coefficients.
Thus, if a half-open lattice triangle has a negative coefficient condition (i) needs to be
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satisfied, that is, A is neither completely open nor closed. In this case, A, A1, Ay are not all
equal.
We consider the case \g = A\; = 0 and Ay = 1. Then, by Lemma 4.3.1},

haL(2) =
(E(uo) + £(wy))22% + (z?(uo) F2(uy) + Cuz) + (Cluo) + Lur) + £(uz))? — 2(us) — ((ug) + é(ul))2)z2 + 2 (up)t.

The first and last coefficient are squares and thus always nonnegative. The coefficient of 22
can be simplified to

(C(ug) + L(ug))? + (L(uy) + £(ug))? — £*(uy) .

We observe that if £(uy) has the same sign as £(u;), i = 0, 1, then (£(u;) +£(u2))* —£*(uy) = 0
and thus the coefficient is nonnegative. It follows that ha ,(2) can have a negative coefficient
only if ¢(us) has a different sign than both ¢(ug) and £(u,), that is, ker ¢ separates uy from
ug and u; as claimed. The case A\g = A; = 1 and \y = 0 follows analogously. This proves the
claim if A has minimal area.

Now we assume that A has area greater than 12 and that the result has already been
proved for all A of smaller area. In order to prove the claim it suffices to show that if A does
not satisfy at least one of the conditions (i) or (ii) then it can be partitioned into half-open
triangles that have h*-polynomials with only nonnegative coefficients; then, by additivity
also the h*-polynomial of A is nonnegative and the proof will follow.

If A has area greater than 1/2 then it contains at least one lattice point aside of its vertices,
either in the relative interior of a side or in the interior of the triangle. By coning over the
sides in which this point is not contained we obtain a subdivision into two or three smaller
lattice triangles. By induction hypothesis it suffices to show that this subdivision can be
made half-open in such a way that the half-open triangles in the partition do not satisfy
both condition (i) and (ii).

This is indeed always possible. In Figure the case of an interior lattice point and a
subdivision into three smaller triangles is considered. The first row shows how to partition a
completely closed triangle into smaller triangles that violate conditions (i) or (ii), depending
on the position of ker /. If A is completely open, then open and closed sides are flipped.
The second row shows how such a partition is established in case A is half-open but ker ¢
intersects in an open and a closed side. The non-intersected side can be removed in the case
that it is excluded.

The case of a partition into two triangles can be treated in a similar way. ]

Theorem 4.3.3. For every (closed) convex lattice polygon P and every linear form (, the
h*-polynomial of P with respect to w(x) = (%(x) has only non-negative coefficients.

Proof. 1f ker ¢ does not intersect the interior of P, then the statement follows from Theo-
rem [4.2.5] Otherwise, ker ¢ intersects the boundary of P twice: either in two vertices, or in
a vertex and the interior of a side, or the interior of two sides.
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ker(?)

Figure 4.1: A subdivision of a triangle using an interior lattice point. Each edge is marked
with + or — to indicate which simplex includes it; the simplex containing + contains the
edge and the simplex containing — excludes it.

If ker ¢ intersects the boundary of P in two vertices, then the h*-polynomial of P is the
sum of the h*-polynomials of the two (closed) lattice polygons ker ¢ divides P into. This
is because lattice points in ker ¢ are weighted with 0. The hA*-polynomial of both lattice
polygons in the subdivision have only nonnegative coefficients by Theorem [4.2.5| and so does
their sum.

In the other two cases, if ker ¢ intersects in a vertex and the interior of a side, or in the
interior of two sides, the polygon can be subdivided into half-open triangles that do not
satisfy the conditions (i) and (ii) in Lemma as depicted in Figure [1.2} if the convex
hull of the corresponding vertex and side/the two sides is a triangle, we take this closed
triangle and extend it to a half-open triangulation as shown in the picture; if the convex hull
of the two intersected sides i a quadrilateral, we partition this quadrilateral into a closed
triangle and a half-open one along its diagonal; the rest of the polygon is again subdivided
into half-open triangles that do not intersect ker ¢, as depicted.

In all cases, the half-open triangles used in the half-open triangulation violate the con-
ditions given in Lemma [4.3.2l Thus their h*-polynomial have only nonnegative coefficients
and so does their sum. O
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ker ¢ - +
+ n +

er/

J’_

Figure 4.2: Half-open triangulations of a polygon in the cases where ker ¢ intersects the
boundary of the polygon in a vertex and the interior of a side (left) or two sides (mid-
dle/right). Removed/open faces are denoted by “—”, closed/non-removed faces with “+”.
The convex hull of the corresponding vertex/sides is depicted in gray. All half-open triangles
violate conditions (i) and (ii) of Lemma [4.3.2]

Negative examples

In this section we provide examples that show that most assumptions in Theorem [4.3.3] are
necessary and cannot be further relaxed. Our examples are explicit and can be computed
either by applying Equation and /or by using LattE (|14]).

We begin with an example that shows that the nonnegativity of the h*-polynomial for
lattice polygons does not extend to weight functions that are squares of degree higher than
2.

Example 4.3.4. Let w(z) = (271 — x5)*(222 — 21)? and P be the standard triangle with
vertices vy = (0,0),v; = (1,0), and vy = (0,1). Then

bu(z) = t(8+ 81z — 62" + 2°).

While the classical Ehrhart theory deals with convex polytopes, in the two-dimensional
case, Stanley’s nonnegativity theorem and our Theorem [£.2.5]can be extended to non-convex
polygons without holes as any such polygon can be dissected into (half-open) triangles. Next
we give an example of a non-convex quadrilateral and weight given by a square of a linear
form that shows that Theorem does not extend to non-convex quadrilaterals.

Example 4.3.5. Let w(z) = ¢(z)? where {(x) = x; and P = vyvv9v3 be the non-convex
quadrilateral with vertices vy = (1,0),v; = (=3, —1),v2 = (2,0),v3 = (—3,1) as depicted in
Figure Then

Pw(z) =123 —4z + 92%).

Next, we note that Theorem [£.3.3] does not hold for rational polygons, not even in the
case of “primitive” triangles as illustrated in the next example.
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ker ¢

—
/> |

U3

U1

Figure 4.3: An example of a non-convex lattice quadrilateral that has an h*-polynomial with
negative coefficients with respect to the weight function w(z) = 22

Example 4.3.6. For any integer ¢ > 1, let A, € R? be the rational triangle with vertices

-1 1
w = (1,1),u; = (1, q_) and uy = (i, 1)
q q

that has denominator g. Let ¢,: R* — R be the linear form defined by ¢,(z) = 2¢(1 —q)z1 +
q(2q — 1)x5. Then

ly(uwo) = ¢
ly(uy) = 1—¢q
ly(uz) = 2—q.
The half-open fundamental parallelepiped spanned by (quo, q), (qu1,q), (qus, q) contains
exactly q lattice points, namely

yi = (i,4,i) forall0<i<q—1.

By Lemma 4.3.1] we see that every non-zero coefficient of the h*-polynomial of A with
respect to wy(x) = £,(x)? arises from the contribution of exactly one of the y;s, namely
yi contributes to the coefficient of 27 if and only if j = i mod ¢. Thus, h}_, (2) has a
negative coefficient if and only if the contribution of one of the lattice points in the half-open
parallelepiped has a negative coefficient.

We focus on

q
Ypo1 = (g—1,g—1,g—1) = T(quo,q) +0- (qui,q) + 0 (qua, q).

By Lemma 4.3.1] the second term in the contribution of y,_;, and therefore the coefficient
of 22971 is equal to ¢? times

P12 g+t -0+ 20— (5) ~ (et (1-9+2-9)
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which is equal to —¢* + 6¢> — 3¢?. This evaluates to a negative number for all integers g > 6.
As a consequence, the h*-polynomial of A, with respect to the weight w,(z) = ¢,(x)* has
a negative coefficient in front of 227! for all integers ¢ > 6. For example, if ¢ = 6 then
hA,w, (?) equals

2304217 + 176426 + 12962 + 9002 + 5762 + 324212 — 1082 + 756210
+14762° + 20522° + 248427 + 277225 + 9002° 4+ 5762* + 32423 + 1442% + 362

Last but not least, we show that the assumption on the dimension cannot be removed in
Theorem by providing an example of a 20-dimensional lattice simplex P and a linear
form such that h} () has a negative coefficient where w(x) = £(x)?. This also establishes
a counterexample to a conjecture of Berg, Jochemko, Silverstein [2§|, see Section below
for details.

Example 4.3.7. We consider the 19-dimensional simplex A = conv{uy, ..., uj9} where ug
is the origin, uq, ..., u1g are the standard basis vectors ey, ..., ez and

u = (1,1,1,1,1,1,1,1,1,-1,-1,-1,—-1,-1,—1,-1,—1,—1, 3)

=3eg+er+...+e—eg—...— es.

and the pyramid A’ = conv (0 U A x 1) € R?® which is a 20-dimensional simplex with vertices
0 and v; := (u;,1), 0 <7< 19. Let £: R? — R be the linear functional defined by

5(%‘) = . .
-1 if10<i<19.

{1 ifo<i<9
We claim that the h*-polynomial of A’ with respect to w(x) = ¢(x)? has a negative coefficient
in front of z'!.

To see this, we observe that the determinant of the matrix with columns v;, 0 < 7 <
19 equals —3, that is, the normalized volume of A’ is 3 and the half-open fundamental
parallelepiped II(A’) contains exactly three lattice points. Those are yy = 0,

92 9 1 19

ynoo= 52(ui,1)+52(%1) = (1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0, 1,10, 10) ,
=0 =10
1 9 92 19

T §Z(Ui,1)+52(vi,1) = (1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0, 2, 10, 10) .
1=0 =10

By Lemma the coefficient of 2! in the contribution of y;, 7 = 1,2, equals

252(%) + (2 U(;))? = (Z Al (v:))? = (Z(l = A)l(v;))?
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where A\g = -+ = A\g = 2/3 and A\jg = -+ = \jg = 1/3 for y;, and for y, the values are
flipped. In both cases, the term evaluates to

20+(0)2—<§-10+%-(—10))2—(%-10+§'(—10)>2=%O.

Note that 1 = 0 does not contribute to the z''-coefficient of the A*-polynomial. In summary,
the coefficient of 2™ equals 2- =22 < 0 and is thus negative.

4.4 Ehrhart tensor polynomials

In this section we discuss the results of the previous section in relation to results and conjec-
ture on Ehrhart tensor polynomials which were introduced by Ludwig and Silverstein [88].

For any integer 7 € N, let T” be the vector space of symmetric tensors of rank r on R
The discrete moment tensor of rank r of a lattice polytope P — R? is defined as

re) = Y e
rePNZ4
where 2" = 2®---®@x and ®° := 1. Discrete moment tensors were introduced by Béréczky
and Ludwig [33]. Note that for r = 0 we recover the number of lattice points in P, |P n Z4|.
Ludwig and Silverstein [88, Theorem 1] showed that there exist maps L}, 0 < i < d + 1,
from the family of lattice polytopes to T" such that

d+r

L (nP) = Z L7 (P)n

for all integers n > 0, that is, the discrete moment tensor L"(nP) is given by a polynomial
in the nonnegative integer dilation factor. The polynomial is called the Ehrhart tensor
polynomial. Equivalently, if P is a d-dimensional lattice polytope,

Z Lr(nP)Zn _ h’S(P) + h/{(P)Z +oo h2+r(P)Zr+d
= (1 — z)d+r+
for tensors hy(P), hi(P),. .., hl, ,(P) € T". The numerator polynomial is called the h"-tensor
polynomial of P [28]. Observe that for » = 0 we recover the usual Ehrhart and h*-polynomial
of a lattice polytope.

The vector space of symmetric tensors T" is isomorphic to the vector space of multi-
linear functionals (R?)” — R that are invariant under permutations of the arguments. In
particular, for any v, ..., v, € R%,

L'(P)(vr,...,v,) = > (o) (a"vy).

zePnZ4

Thus, weighted Ehrhart polynomials can be seen as evaluations of Ehrhart tensor polynomials
in the following sense.
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Proposition 4.4.1. Let w(x) =
form £; : R* — R is given by {;(x
polytope. Then

b (x ) l,.(x) be a product of linear forms where each linear
) = zTv; for’ some v; € R, Let P be a d-dimensional lattice

d+r

ehr(nP, w) Z L"(P)(vy,...,v.)n"

and, equivalently,
d+r

Zhr Yvr, ..., v,)2"

Proof. For any integer n > 0,

d+r

ehr(nP,w) = Z v'vy - 2tv. = L' (nP)(vy,...,v ZL (nP)(vy, ..., v.)n'
zenPnZ4
The claim for the A*-polynomials follows similarly. O]

In the case that r = 2, symmetric tensors can be identified with symmetric matrices
via their values on pairs of standard vectors. Via this identification, a tensor is called
positive semi-definite if the corresponding matrix is positive semi-definite. In particular,
L*(P) = >, p.gaxx’ is always positive semi-definite. However, the coefficients of the
Ehrhart tensor polynomial and the h%-tensor polynomial need not be in general [28|, similarly
as the coefficients of the usual Ehrhart polynomial are not positive in general. The following
relation between the positivity of weighted h*-polynomials and the positive semi-definiteness
of the coefficients of the h2-tensor polynomial is a consequence of Proposition [4.4.1]

Proposition 4.4.2. For any lattice polytope P — R?, the h®-tensor polynomial of P has
only positive semi-definite coefficients if and only if h%,,(2) has only nonnegative coefficients
for each weight that is a square of a linear form w(x) = (*(z).

Proof. Let M; = h?(P) € R**? be the coefﬁcients of the h?-polynomial of P. By Proposi-
tion , for any linear form /(z) = v"x on R, b} (2) = 3, 0" Myvz'. Thus, h} ,(2) has
only nonnegative coefficients for all weights w(z ) E (z)? if and only if the matrices M; are
all positive semi-definite. n

In [28] Berg, Jochemko and Silverstein investigated when h2-tensor polynomials have
only positive semi-definite coefficients. They proved that the coefficients are indeed positive
semi-definite for lattice polygons [28, Theorem 5.2| and conjectured that this holds more
general in arbitrary dimensions [28, Conjecture 6.1]. By Proposition [£.4.2] it follows that
Theorem is equivalent to |28, Theorem 5.2|; the proof given in Section is arguably
simpler.

Corollary 4.4.3 (|28, Theorem 5.2|). The h*-tensor polynomial of any lattice polygon has
only positive semi-definite coefficients.
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Furthermore, Example provides a 20-dimensional lattice polytope together with
a weight w(z) = £(x)? that is a square of a linear form such that hp,(z) has a negative
coefficient. By Proposition m this establishes a counterexample to |28, Conjecture 6.1].

Corollary 4.4.4. There exists a 20-dimensional lattice polytope whose h*-tensor polyno-
mial has a coefficient that is not positive semi-definite. In particular, this disproves [28,
Conjecture 6.1]

4.5 Open question

In Theorem we have proved sufficient conditions on the homogeneous weight function
that yield nonnegative coefficients of the h*-polynomial. We also have shown our results are
tight, in particular, in Section [4.3|we have seen that Theorem [4.2.5|can fail if the assumptions
are relaxed, even in the simple case of a square of a single linear form.

We end this chapter posing a natural question.

Question 4.5.1. Can we precisely characterize the family of homogeneous weights that yield
nonnegative coefficients of the h*-polynomial?
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Chapter 5

Local h*-polynomials

In this chapter, we take interest in the connection between the unimodality of h*-polynomials
of lattice polytopes and the unimodality of the local h*-polynomials of the simplices in their
triangulations, and therefore try to classify some specific simplices that have unimodal local
h*-polynomials.

5.1 Introduction

Background

Given a lattice polytope P, there is another invariant related to counting the number of
integer points in integer dilates of P: the local h*-polynomial. Recently there has been
renewed interest in the study of this polynomial, which is more complicated to define and
has not been as extensively studied as the classical h*-polynomial. This invariant, which we
denote by B(P;z), is the primary focus of this chapter.

The local h*-polynomial has arisen in multiple contexts using different notation. For a
detailed survey regarding local h*-polynomials, see Section 2 of the recent paper by Borger,
Kretschmer, and Nill [31]. The local h*-polynomial was defined in substantial generality by
Stanley in [119, Example 7.13|, extending work first presented by Betke and McMullen [29].
Local h*-polynomials were also studied by Borisov and Mavlyutov in connection to Calabi-
Yau complete intersections in Gorenstein toric Fano varieties, where they were referred to
as S’—polynomials [32]. Local h*-polynomials for simplices are sometimes referred to as box
polynomials; these were studied by Gelfand, Kapranov, and Zelevinsky [60], who identified
the importance of lattice simplices with vanishing local h*-polynomials. Lattice polytopes
with vanishing local h*-polynomials are called thin polytopes, and these have recently been
further investigated by Borger, Kretschmer, and Nill |[31]. A key observation due to Nill and
Schepers |31} 93| is that any lattice polytope admitting a regular unimodular triangulation
has a unimodal local hA*-polynomial. This result was recently strengthened by Adiprasito,
Papadakis, Petrotou, and Steinmeyer [1], who proved that lattice polytopes with the integer
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decomposition property (defined in Subsection have unimodal local A*-polynomials.

Unimodality of local h*-polynomials also plays a role in the study of unimodality for h*-
polynomials. Schepers and Van Langenhoven |102] introduced the concept of a box unimodal
triangulation, which is a lattice triangulation T of a lattice polytope for which every face of T
has a unimodal local h*-polynomial. The motivation for the term “box unimodal” is the “box
polynomial” nomenclature used by Gelfand, Kapronov, and Zelevinsky. Schepers and Van
Langenhoven proved that if a reflexive lattice polytope has a box unimodal triangulation,
then it has a unimodal A*-polynomial. This generated interest in determining which simplices
have unimodal local A*-polynomials, since these are the simplices appearing in box unimodal
triangulations. As one example of results in this direction, Solus and Gustafsson proved that
every s-lecture hall order polytope admits a box unimodal triangulation [62].

Lattice simplices and our contributions

Motivated by the above context, our focus in this work is to investigate unimodality of local
h*-polynomials for lattice simplices.

The local h*-polynomial of lattice simplices has the following beautiful geometric inter-
pretation, which for the rest of this chapter we take as the definition. Let {vy,...,v4.1} be
the vertices of a lattice simplex S, and let

HS = {ZAZ(LUZ) 0 < )\7, < 1}
define the open parallelepiped for {1} x S. Then the local h*-polynomial is

B(S;z) = Z 2™m0

(mo,...,mq)€lls

i.e., B(S;z) encodes the distribution of lattice points through the open parallelepiped of
{1} x S with respect to the 0-th coordinate, which we refer to as the height of the point. To
emphasize this distributional perspective, and to allow us to consider the shape of coefficient
vectors of different local A*-polynomials, we primarily consider in this work the coefficients
of

B(S;2)/B(S; 1),

which encode the probability distribution for lattice points in IIg with respect to height.

From this perspective, it seems natural that the local h*-polynomial might have uni-
modal coefficients, as the parallelepiped is “fatter” geometrically in the middle than on the
ends. It seems plausible that unimodality might even be typical in this setting, even without
assumptions such as admitting a regular unimodular triangulation or the integer decompo-
sition property. However, as we will see in this work, it is not clear whether or not these
intuitions are correct; for example, Figure [5.3] and Figure [5.5] suggest a variety of possible
conjectures.
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Because an arbitrary lattice simplex is arithmetically complicated, we restrict our atten-
tion to a set of simplices with a more manageable arithmetical structure. Lattice simplices
are classified through their Hermite normal form; see Theorem [5.2.1] for the precise statement.
In Section we define Hermite normal form simplices and recall how to compute their h*-
and local h*-polynomials. We also discuss the relationship between local h*-polynomials and
Stapledon a/b-decompositions for h*-polynomials. The family of simplices that we study are
one-row Hermite normal form simplices, which are those arising as the convex hull of the
rows of an integer matrix as in , specified by parameters aq,...,aq_1, N with0 < a; < N
for all 7. Note that the normalized volume of these simplices is exactly the parameter N.

[0 0 0 0 0 0]
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

H = , (5.1)

0o 0 --- 1 0 0
0 0 -~ 0 1 0

| @1 G2 az - Qd-2 Qd-1 N_

After providing detailed background on Hermite normal form, local h*-polynomials, and
the relationship between local h*-polynomials and Stapledon a/b-decompositions for h*-
polynomials, our first contribution is to investigate two special subfamilies of one-row Hermite
form simplices that exhibit distinct behavior with regard to their local h*-polynomials. These
special families illustrate both the variety of behavior observed with local h*-polynomials
and the proof techniques that we will use throughout this chapter. This is the content of
Section where we provide a complete investigation of local h*-polynomials for “all-ones”
simplices (a; = 1 for all i) and for “geometric sequence” simplices (a; = ¢?~¢ for all i). In
the all-ones case, we find that their local h*-polynomials are either constant or nearly so, as
exemplified by Figure 5.1 We characterize the all-ones simplices with unimodal local h*-
polynomials. For the geometric sequence simplices, we find that their local h*-polynomials
have a pronounced unimodal behavior, as exemplified by Figure We prove that all the
geometric sequence simplices have unimodal local h*-polynomials, and further show that
they do not have the integer decomposition property and thus do not fall within the scope
of prior work |1}, 31}, 93|.

To study the set of all one-row Hermite normal form simplices, there are several ways to
proceed. One approach, which we do not take in this work, is to fix N and vary the values
ai,...,aq_1. Limited experimental data suggests that this process often results in simplices
that do not have the integer decomposition property, but which do have unimodal local
h*-polynomials. For example, in a random sample of 100 simplices of dimension 11 with
N = 505, none of these simplices have the integer decomposition property but all of them
have unimodal local h*-polynomials. The distributions for these polynomials are plotted in
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Figure 5.1: The distribution of the coefficients of B(S;z)/B(S;1) for the one-row Hermite
normal form simplex S with non-trivial row (1,1,...,1,331) in dimension 17. Note that
331 =22-15+ 1 and B(S;z) = 22-311°, 2",

Figure [5.3] which illustrates that the integer decomposition property does not fully explain
local A*-unimodality.

Another approach, which is the focus of our main result, is to consider one-row Her-
mite normal form simplices where all parameters a; are fixed and analyze the asymptotic
behavior of B(S;z)/B(S;1) as the normalized volume N — oo. In Section we show
that this asymptotic behavior is determined by the distribution of the coefficients for a rel-
atively small normalized volume value. This demonstrates that in the one-row case, the
arithmetical structure of the off-diagonal elements of a Hermite normal form matrix has a
stronger influence on the local h*-polynomial than the normalized volume. Our main result
is Theorem [5.5.3] which can be summarized as follows:

Theorem 5.1.1. Fix ay,...,aq-1 € Z>1 and let M = lem(aq, ..., aq-1,—1+ Zf;ll a;). Con-
sider the one row Hermite normal form simplices for these values of aq, ..., aq—1 and varying

N. As N — oo, the distributions for the local h*-polynomials converges to the distribution
with N = M + 1.

The results in this chapter are rather technical and thus the details of our definitions and
arguments vary somewhat from the exposition provided so far. Since the proofs in Section[5.5]
rely on several technical lemmas regarding floor and ceiling functions, these lemmas are
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Figure 5.2: The distribution of the coefficients of B(S;z)/B(S;1) for the one-row Hermite
normal form simplex S with non-trivial row (3'*,3% 3% ... 32 3,1,3'?) in dimension 13.

given in Section [5.4] We conclude the chapter in Section [5.6] with several further questions
motivated by this work. All computations in this chapter were done using SageMath [100].

5.2 Properties of local h*-polynomials

Hermite normal form simplices

It is well-known, that for every lattice simplex .S, there exists a unique matrix H representing
the vertices of S up to unimodular equivalence [103|. The matrix H, called the Hermite
normal form of S, is described as follows.

Theorem 5.2.1. Every d-dimensional lattice simplex in R? is unimodularly equivalent to a
simplex S arising as the convex hull of the rows of a (d + 1) x d integer matriz H of the
following form:

e qay;=0fori=1,...,d
o ai,ieZgl fOTizl,...,d

e 0<a;; <a; whenj<i fori=1,...,d
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Figure 5.3: The distributions for 100 local h*-polynomials of 11-dimensional one-row Hermite
normal form simplices with normalized volume N = 505. None of these simplices have the
Integer Decomposition Property.

eaqa;;=0forj>ifori=1,...d.

Note that we are using the convention that the rows of H denote the vertices of S, whereas
some authors use column form. We denote by A the matrix H with an initial column of
ones appended. This is equivalent to lifting the configuration of rows of H to height one in
a space one dimension higher.

Example 5.2.2. An example of a Hermite normal form H of a simplex and the extended
matrix A:

o= DN WO
N O N O OO
A= OO OO
N
Il
— e R e
o O = DN WO
N OO OO
D= OO OO

co OO Uto O
O O O o o O

co O O Uto O
O OO o OO
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Our focus in this work is on the following special class of Hermite normal form matrices,
which have been the subject of extensive recent study [37, |38} 39, 40, 41, |50} 72, 74, |75, |76],
85, 95, |105} 106, 127].

Definition 5.2.3. For a simplex S in Hermite normal form, if a;; = 1 fort =1,...,d — 1,
then we say that H is of one-row Hermite normal form. For a one-row Hermite normal form
matrix, we will often refer to this matrix by the values in the (d + 1)-st row,

(a17a27 ceey Qg—1, N)a

where we write a; for ag; and N for a44 as shown in (5.2)).

1 0 0 O 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
A= o , (5.2)
1 o o0 --- 1 0 0
1 0 0 0 --- 0 1 0
1 ay ap a3 -+ a4 ag1 N

Example 5.2.4. An example of a simplex S in one-row Hermite normal form is given by

_ o = O O O
—_ -0 O O O

_ o O O = O
_ oo O = OO
SO OO OO

The following proposition shows that it is straightforward to determine the volume of S
from the matrix A.

Proposition 5.2.5. The normalized volume of a simplex given in Hermite normal form is
d : . ‘
[[;—; ais, for ai; € A. Thus, for a one-row Hermite normal form simplex, the normalized

volume is N.

h*- and local h*-polynomials

The arithmetic structure of the lattice points in the cone over S is captured by the lattice
generated by A™!. For a one-row Hermite normal form simplex with non-trivial row given
by (ai,as,...,a4-1, N), it is straightforward to find A~! as follows:
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[ 1 0 0 0 0 0 0]
-1 1 0 0 0 0 0
-1 0 1 0 0 0 0
~1 0O 0 1 - 0 0 0

A = (5:3)

~1 0O 0 0 1 0 0
~1 0O 0 0 0 1 0
_1""2?;11 a4 a1 _ a2 _ as _Qd—2 _ Gd-1 1

= N N N N N N N -

We study the lattice generated by the rows of A~! using the following polynomials.

Definition 5.2.6. Define the lattice for S as A = A(S) = Z4"! - A~! and the parallelepiped
group for S as T =T'(S) := A(S)/Z. Define the age of an element x = (g, ..., z4) € A(S)
as age(r) = Z?:O{xi}' Here {x} denotes the fractional part of a real number x € R, i.e.,
{x} = x — || where |z| denotes the largest integer less than or equal to .

Note that when S is a one-row Hermite normal form simplex, the elements of I' are
parameterized for 0 < ¢ < N — 1 by

N " N' N’ N7 N’ NN

(f(—l + 27;11 CLZ‘) Kal éag €a3 Kad_g _Kad_l 12 )

We will frequently use this parameterization of I' throughout this work, and in particular to
compute the following two polynomials associated to S.

Definition 5.2.7. Define the h*-polynomial of S as
d .
h*(S;z) = Z hi*z" = 2 z2e°(@)
=0 zell

and the local h*-polynomial for S as
d .
B(S;z) = Z biz' = Z 228
i=1 zel'n (071)d+1

The coefficients of h*(S; z) and B(S; z) form vectors called the h*-vector and local h*-vector
of S, respectively. Local h*-polynomials of simplices are also known as box polynomials.

Example 5.2.8. The simplex in Example has B(S;z) = 2% + 23 + 2% and h*(S;2) =
1+22% + 223 4+ 24

It is straightforward to verify the following proposition.
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Proposition 5.2.9. For any lattice simplex S, the polynomial B(S;z)/z has palindromic,
i.e., symmetric, coefficients.

The h*-polynomial is a main object of study in Ehrhart theory for lattice polytopes. Local
h*-polynomials for simplices are a special case of local h*-polynomials for arbitrary lattice
polytopes. For a detailed discussion of the history of local h*-polynomials in this general
setting, see [31, Section 2.4]. It is common that in expositions of Ehrhart theory [24], these
polynomials are defined using the fundamental parallelepiped of the cone over S, defined
as follows. Let {rg,...,r4} denote the rows of the extended matrix A for S. Then the
fundamental parallelepiped is

IIg = {Z A 0< )\ < 1} . (5.4)

Multiplication by A produces a bijection between the lattice A(S) and Z?*!, and further this
takes the half-open cube [0,1)?*! to IIg. Thus, there is a bijection between the A(S)-points
in [0,1)?"! and the Z%*-points in IIg. Further, the grading of Z4™! NIl corresponding to the
initial coordinate corresponds to the grading of A(S) n [0,1)%*! by the age function. Thus,
the definitions of local-h*- and A*-polynomials given above agree with the usual definitions
given in terms of the fundamental parallelepiped.

In the case of a one-row Hermite normal form simplex, certain number-theoretic con-
ditions imply that the local h*-polynomial and h*-polynomial are essentially the same, as
follows.

Theorem 5.2.10. Let M = lem(ay, ag, ..., aq-1,—1+ Y, a;), and let S be the simplex with
non-trivial row (aq,...,aq—1, N). If gecd(M,N) =1, then

h*(S;z) =14 B(S;z2).

Proof. For a one-row Hermite normal form simplex, the parallelepiped group is generated
by

(—1+ 30 @) a1 ay  ag G4 Gg—1 1
N " N N N7 N’ N'NJ
The condition h*(S;z) = 1 + B(S;z) occurs if and only if every non-zero point in the
parallelepiped group has all non-zero coordinates, since this is the criteria for all non-zero
points to be in the open box (0,1)¢*!. This holds if and only if

0(—1+ Z?;ll a;) _@ _@ _@ lago lagy £
N " N N N7 N7 NN
has all non-integer coordinates for every ¢ = 1,2,..., N — 1. This is equivalent to the gcd

condition in the theorem. O
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Remark 6. Note that the numerical conditions in Theorem [(£.2.10 are identical to those iden-
tified by Hibi, Higashitani, and Li 72| as corresponding to “shifted symmetric” h*-vectors.
The symmetry that they observed is precisely the symmetry of the local A*-polynomial from

Proposition [5.2.9]

For each polynomial f(z) with non-negative coefficients, we can associate to f a discrete
probability distribution.

Definition 5.2.11. Given f(z) € Ry¢[z], we define the distribution associated to f to be
the distribution defined by the coefficients of f(z)/f(1).

We will be interested in these distributions in the case of the h*- and local h*-polynomials
for S.

Example 5.2.12. The local h*-and h*-polynomials in Example yield the distributions
(0,0,1/3,1/3,1/3)

and
(1/6,0,1/3,1/3,1/6),

respectively.

Relationship to Stapledon decompositions

Stapledon established [123] a decomposition of the h*-polynomial of a lattice polytope into
its boundary A*-polynomial and its “b-polynomial.” Therefore, the b-polynomial of a simplex
S captures information about the interior of the cone over S, as does the local h*-polynomial.
In this section, we explore the relationship between these two polynomials. Decomposition of
polynomial invariants has been widely studied and, in many settings, builds on the Stapledon
decomposition (e.g., |19} 23| 35, 78, [82]).

The h*-polynomial of an arbitrary d-dimensional lattice polytope P € R? is

h*(P;z) = (1 — z)4*! (1 + Z InP N Zd\z”) ,
n=1

and can be computed via the h*-polynomials of the simplices in a triangulation of P. In
particular, if T is a disjoint triangulation of P into d-dimensional half-open simplices, then

h*(P;z) = ) h*(S;2).
SeT

Here, the h*-polynomial of a half-open simplex is computed similarly to that of a closed
simplex, but with a modification to the fundamental parallelepiped. Suppose S < R? is
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a d-dimensional simplex with vertices vy, ..., vy € Z%, where the facets opposite the first r
vertices are missing, for some 0 < r < d + 1. That is, suppose

={)\ng+"'+>\d’lldZ)\0+"'+)\d=1,)\0,...,)\r_1>0,/\T,...,)\d>0}.

We define the fundamental parallelepiped of S to be

g = {me 0<Aoyee A1 S LOS A, Mg < 1} (5.5)
where rg,...,r4 are the rows of the extended matrix A for S (that is, r; = (1,v;)), and it
then holds that

= Z h*(S; 2) 2 2 2",
SeT SeT (zo,..., zq)
GHSr\Zd"'l

Theorem 5.2.13 (Stapledon, [123]). If P € R is a lattice polytope and £ = 1 is the smallest
integer such that (P° n Z¢ is nonempty, then there exist unique polynomials a(P;z) and

b(P; z) such that
(L4 2+ + 2" HR*(P;2) = a(P; 2) + 2'b(P; 2),
where a(P; z) and b(P; z) are palindromic polynomials with nonnegative integer coefficients.

Moreover, a(P; z) is actually equal to the h*-polynomial of the boundary 0P of P, defined
in [8] as

h*(P; z) — h*(P°; z)

1—=z '
The h*-polynomial of the boundary of P can also be expressed in terms of h*-polynomials
of half-open simplices. There is a disjoint triangulation 7" of P into half-open (d — 1)-
dimensional lattice simplices (where exactly one simplex is closed), and for such a triangu-

lation,
*(OP; 2) Z h*(S

S'eT

h*(0P; z) :=

In the case where the polytope is a simplex S and where S contains an interior lattice
point (i.e. £ =1),
h*(S; z) — h*(0S; 2)

z

b(S;z) =

captures information about the interior of the cone over S. The local h*-polynomial B(S; z)
also captures information about the interior of this cone, and in this case, we are able to
directly compare these two polynomials:
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Proposition 5.2.14. Let S be a lattice simplex with an interior lattice point, and let

_ h*(S; z) — h*(0S; 2)

z

b(S; 2)

be its b-polynomial (as in Stapledon’s decomposition). Then zb(z) is bounded above by the
local h*-polynomial B(S;z) of S, coefficient-wise.

Proof. Use the facets of S as the maximal faces in a triangulation 7" of 0S. Arrange the
facets of S into disjoint half-open simplices such that exactly one simplex is closed (e.g.,
using a visibility construction as in |25, Chapter 5| or [8]). Let

I, = U Il
S'eT

be the union over the fundamental parallelepipeds of the half-open simplices in 7. Then

using (5.5 we obtain

2b(S;z) = h*(S;2) — h* (09, 2) = Z smo0 | Z 0
2€llgnZd+1 zellpNZd+1
— Z ZxO . Z Zx()
2e(Ilg\l7)NZd+1 2e(Ilp\Ilg)NZa+1

Note that I1r depends on the specific choice of half-open simplices in T', but the polynomial

2, =

xellpnZd+1

is independent of this choice. Observe that Il contains all points in IIg where some coef-
ficient \; as in is 0 (namely, all coefficients of the row vectors of A corresponding to
vertices that are opposite a boundary facet containing the point) and Il contains no points
in ITg where each coefficient is positive. Therefore, the lattice points in I1g\II; are precisely
those with no coefficient equal to 0, that is, the points counted by the local hA*-polynomial
B(S; z). Thus,

2b(S;2) = B(S;z) — 2 z%0
ZE(HT\Hs)ﬂZd+1
In particular, zb(S; z) is upper-bounded by B(S; z), coefficient-wise. O

We remark that the same result does not follow if S does not contain an interior point,
as now there is a factor in front of h*(S; z) in Stapledon’s decomposition:

20(S;2) = (1+ 24 ...+ 25HR*(S; 2) — h*(0S; 2).



CHAPTER 5. LOCAL h*-POLYNOMIALS 74

For example, S = conv{(0,0,0),(1,0,0),(0,1,0),(1,1,4)} has local h*-polynomial
B(S;z2) = 42°

and b-polynomial
b(S;2) = 2 + 2z (and 2°b(S;2) = 222 + 22%).

We conclude this subsection with an observation about the implication of Stapledon’s
decomposition for shifted symmetric polytopes, as explored by Hibi, Higashitani, and Li
in [72].

Definition 5.2.15. The h*-polynomial h%(z) = hi + hiz + ... h%z?% of a lattice polytope P
is shifted symmetric it hy = h}, ,_, fori=1,...,d.

Hibi, Higashitani, and Li |72| proved that for a one-row Hermite normal form simplex
S satisfying the conditions of Theorem the h*-polynomial of S is shifted symmetric.
The following proposition due to Higashitani uses Stapledon decompositions to show that
any lattice polytope with a shifted symmetric h*-polynomial is a simplex with a similar
geometric property to those in Theorem [5.2.10]

Proposition 5.2.16 (Higashitani |77]). If P is a lattice polytope such that h(z) is shifted
symmetric, then P is a simplex with unimodular facets. Thus, h*(P;z) =1+ B(P;z).

5.3 Two illustrative examples

In this section, we provide a deep exploration of two examples of one-row Hermite normal
form simplices that illustrate important phenomena. In particular, we focus on the cases
where we take the non-trivial row to be (1,...,1, N) and (qkil, ey gy 1, qk). These results
are independently interesting, and they also serve to motivate the results in Section [5.5

Non-trivial row (1,...,1, N)

In this subsection, let N € Z be a fixed integer with N > 1. We consider a d-simplex S in
one-row Hermite normal form with last row (1,...,1, N). By (5.3) we have that

1000 ---00 01" [ 1 o 0 0 --- 0 0 0]
1100 00 0 1 1 0 0 0 0 0
1010 00 0 1 0 1 0 0 0 0
1001 ooo0| -1 0o 0 1 0 0 0
1000 ---10 0 1 0 0 0 1 0 0
1000 - 1 0 1 0 0 0 0 1 0
(d—2)
R L e e T T A 8
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Hence, the parallelepiped group of S is given by

d—2) 1 11\’
r-(zw ! —— | |/Z
( + ( N 7 N? ) N7N) >/

Recall from above that the h*-vector h* = (h, h¥,..., h}) of S is given by

hi = #{x el :age(x) = i}.

We can compute the local h*-polynomial B(S;z) = Zj:o b;z* as follows, parameterizing the
points in [' using 0 <k < N — 1:

== (FU2E Lk EY g et - 222 )

N NN N
_ {k: ,...,N—l:i=1+{_k(?v_z)}+k<dzv_2>’{_k<?v_2>}¢0}‘
- {kzl,...,]\f—lzi:l—{WLNTMCZ—QH

= {k::1,...,N—1:¢:1+{W},N{k(d—z)}‘.

Our goal in this subsection is to prove the following.

Theorem 5.3.1. For the d-simplex S in one-row Hermite normal form with final row
(1,...,1,N), the local h*-polynomial of S has every non-zero coefficient in {q,q + 1} where
N = (d—2)q+r for some 0 < r < d— 3. Further, the local h*-polynomial is unimodal if
and only if r € {0,1,2,d — 3} and it has constant coefficients if and only if r € {0, 1}.

Example 5.3.2. Figure displays the local h*-polynomial distribution for the all ones
non-trivial row with d = 17 and N = 22- 15+ 1. As claimed by Theorem [5.3.1] since r = 1,
the local h*-polynomial is both constant and unimodal.

The remainder of this subsection is devoted to a proof of Theorem [5.3.1l To simplify
the notation, let a, N € N be two natural numbers. Note that in our above setup, we have
a = d—2. Throughout the remainder of this section, we will divide N by a with a remainder,
i.e., N =a-q+r for some ¢q,r € N with 0 < r < a. We define a vector o = (aq,...,,) € Z*
as follows

aiz#{kzl,...,]\f—l: [%w :z',NJ(ak}.

Thus, when a = d — 2, we have that the local h*-polynomial coefficient is

bi = a;
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and hence, the coefficients of the local h*-polynomial are a shift of the vector a. We will
focus on the case that a and N are coprime and hence assume from now on until the end of
the section that ged(a, N) = 1. This assumption simplifies the situation in that we do not
need to consider the condition N t ak.

Let us begin with an example to illustrate our general strategy.

R - - -0~

R o --@- -~

34— o -¢--® - - ————————————-—————-

I o --@---%

e e S
———————+——+—+—++
1 3 5 8 10

Figure 5.4: The distribution of the values [ak/N| for k =1,..., N

Example 5.3.3. Suppose that a = 5 and N = 12. Thus, we have N = ¢ - a + r where
g = 2 and r = 2. From the definition, we see that the a;’s depend on the distribution of
the values [ak/N] for k = 1,..., N — 1. Figure |5.4] illustrates this distribution with respect
to the multiples k. From Figure , we deduce o = (2,2,3,2,2). Notice that the fraction
12 -a/N does not contribute to the a-vector since N = 12 and thus N | 12 - a. Furthermore,
observe that fractions ak/N contributing to the same entry «a; (for some fixed i = 1,...,a)
appear consecutively and the possible values for «; are either g =2 or ¢ + 1 = 3.

Our proof strategy will rely on studying the values ¢ for which «; = ¢ (respectively
a; = q+1). Fixi =0,...,a — 1 and consider the smallest £ = 0,..., N — 1 such that
|ak/N| = i. Notice that for our example with a = 5 and N = 12, we have that

ak =5k =—i-2 (mod 12) = —ir (mod N)

where - denotes smallest residue mod a. Furthermore, observe that for our example we
have -
g+1 ifl<a—wr<r-—1
Qi1 = .
q ifr<a-—ir<a.

This is true in general and will be proven in Proposition [5.3.4]
Since a and N are coprime, it follows that ged(a,r) = 1, and thus Z/aZ = {ir : i =
0,...a—1}. Asr—1=2—1 =1, it follows that exactly one entry of the vector « is equal
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to ¢ + 1, and thus « is unimodal. With similar arguments, one can identify exactly when
the vector « is unimodal in general. This will be shown in Theorem [5.3.6]

Proposition 5.3.4. Let 1 =0,...,a—1 and let k = 0,...,N — 1 be the smallest multiple
with |ak/N| =1i. Then ak = —ir (mod N) and

{q+1 if1
Ajp1 = )
q if r

where - denotes smallest residue mod a.

Proof. The equation ak = —ir (mod N) can be straightforwardly verified for i = 0. Suppose

i =1,...,a—1. Then the smallest k¥ = 0,...,N — 1 with |ak/N| = i satisfies a(k — 1) <

iN < ak and thus 0 < iN — a(k — 1) < a. Observe that iN = iaq + ir = a(k — 1) + x for

some z € Z with z = ir (mod a). With the condition 0 < iN —a(k—1) < a, we deduce that

x =ir. Thus, iN + (a —ir) = a(k — 1) +ir + (a —ir) = ak, which yields ak = —ir (mod N).
Notice that for i = 1,...,a — 1, we have that

_._ l _._
ai+1:#{leZ:z’+aNW<z’+w<z’+1}.

N

Furthermore, for i = 0 it follows that oy = {{ € Z : a/N < (al + a)/N < 1}. Hence, the
second statement of our proposition is equivalent to

a—ir al + (a —ir +1 if 1<a—ir<r—1
#&GZ:%F <¢+——i——l«n+1}= L il
N N q if r<a—mr<a
We begin with the case 1 < a —ir <r — 1. Clearly, we have that
a—ir _ . a—ir . a+ (a—1ir) a-q+ (a—ir) .
0} < 1+ <1+ 1
N N N N
- ~- -
q+1 many

Furthermore, notice that i + (a- (¢ + 1) + (a —ir))/N > i + 1. Hence, the first case follows.

Next suppose that r < a —1r < a — 1. We have that

_._ _._ + _._ . _1+ _._
aNzr<i+aN2r,i+a (?V W),...,z'+a (4 )N(a ZT)<1'+1.

~ ~~

—

q many
Furthermore, notice that i + (a- ¢+ (a —ir))/N > i+ 1. Hence, the second case follows. [J

Corollary 5.3.5. For a and N such that ged(a, N) = 1, we have «; € {q,q + 1}.
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Note that the coefficients of the local h*-polynomial are a simple shift of the a-vector.
Given Corollary we can deduce that the local h*-polynomial coefficients are unimodal
precisely when the values of ¢+ 1 occur in a consecutive sequence in the vector. The following
theorem characterizes when this occurs.

Theorem 5.3.6. Given a and N with N = aq + r, the a-vector is unimodal if and only if
re{0,1,2,a — 1}. Furthermore, the a-vector is constant if and only if r € {0,1}.

Proof. Since N and a are coprime, so are a and r, thus {ir|i € [a — 1]} = [a — 1]. Thus, the
a-vector has exactly » — 1 entries equal to ¢ + 1. It is enough to show that these » — 1 entries
equal to ¢ + 1 cannot all be consecutive. Equivalently, that the values of a — ir between 1
and 7 — 1 cannot be consecutive in the sequence

a,a—T,a—2r,...,a— (a—1)r. (5.6)

We note that an element of this sequence is obtained from the previous one by subtracting
r if the result of the subtraction is positive and by adding a — r otherwise.

To prove the “if” part of the theorem, we note that the a-vector in the case r = 0 is
trivial. In the case r = 1 by the above formula all entries are equal to ¢. In the case r = 2 it
has exactly one g+ 1 entry, not the first, and thus in all these cases the a-vector is unimodal.
For r = a— 1, the sequence is simply a,1,2,...,a—1, so there are exactly two ¢ entries
in the a-vector, the first and the last, making the vector unimodal.

Now for the “only if” direction: let 3 < r < a—2. There are r — 1 entries equal to g+ 1, so
at least two and at most a — 3 (i.e., at least three g entries). It is enough to show that these
r — 1 entries equal to ¢ + 1 cannot all be consecutive. That is, that in the sequence the
values between 1 and r — 1 cannot all be consecutive. We distinguish two cases:

o Ifr > a—r (i.e. r > §); suppose a = k(a—r)+t, with 0 < ¢ < a—r. Then the sequence
begins with a,a — 7, ..., k(a — ), where the second entry already corresponds to
a ¢+ 1 entry in the a-vector, since a —r < r. Since r > ¢ and a —r > 2, it follows that
r-(a—r) > a, and thus k < r — 1. Furthermore, notice that k- (a —7) =a —t > r.
We conclude that as = ¢+ 1, ap = ¢, and k < r — 1. Hence, there exists ¢+ > k with
a; = q + 1, which means that the sequence is not unimodal.

o Ifr <a—r(ie,r < %), we proceed similarly. Let us write a = £-7+s with 0 < s < 7.
Then the sequence begins with a,a — r,...,a — ¢r, where the last entry satisfies
a—4{0r = s < r,ie, ap = ¢+ 1. In other words, the sequence starts with
consecutive ¢’s followed by one or more (¢ + 1)’s. Notice that (¢ + 1)r > {r + s = a,
sothat ({ +1)r = ({ +1)r —a =17 —s. Hence, a — ({ + 1)r = a—r + 5. Since r < §,

a

it follows that a — ((+1)r = a —r +s > § > r, i.e., agp1 = ¢q. Together with the

symmetry o; = a,.1-; for all i = 1,...,a, we conclude this sequence is not unimodal.

]
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Using our result for the case where ged(a, N) = 1, we can now extend our result to the
general setting, which implies Theorem [5.3.1}

Corollary 5.3.7. Let a, N € N and let b = ged(a, N) # 1. Divide N by a with remainder,
i.e., write N = aq + r for some q,r € N with 0 < r < a. Then the a-vector is unimodal if
and only if r =0 orr =b.

Proof. Let us write a = a’-b and N = N’ -b for some a’, N’ € N. Firstly, observe that « is a
b-fold concatenation of the vector o’ that corresponds to the numbers a’ and N’. Therefore,
a is unimodal if and only if o/ is constant, and hence it remains to check when this is the
case.

Let us divide N’ by & with remainder, i.e., N’ = a’ - ¢ + 1’ for some ¢, € N with
0 <1’ < . By Theorem [5.3.6] o' is constant if and only if 7/ € {0,1}. With N =b- N’ =
q - (ab)+1r-b=¢q -a+ (r'-b), the statement follows. O

Non-trivial row (¢"*,...,¢,1,q")

In this subsection, let k € Z be a fixed positive integer and ¢ € Z~,. Consider the one-row
Hermite normal form simplex S with final row (qk_l, oo q, 1, qk). We study this as a test
case for one-row Hermite normal form simplices where the final row has “well-spaced” entries.

To begin, in the following proposition we show that any S of this form does not have
the Integer Decomposition Property (IDP). Recall that a simplex S has the IDP if every
lattice point in the non-negative cone generated by the colums of A is a sum of lattice
points in the cone having last coordinate equal to 1. It is known that polytopes with a
unimodular triangulation have the IDP, and thus these simplices do not have a regular
unimodular triangulation. This is noteworthy because, as we will see in Theorem
below, the local A*-polynomial of every such S is unimodal, as illustrated in Figure 5.2} This
family of simplices demonstrates that the existence of regular unimodular triangulations is
not the only source of unimodularity for local h*-polynomials of one-row Hermite normal
form simplices.

Proposition 5.3.8. The simplex S does not have the IDP.

Proof. We begin by observing that

1 1 1
I<—-+-++(1-=) <2
q q q

Let A € (0,1) such that A + YF | % + (1 - q%) = 2, so that the convex combination
k

1 1
b= (qkilv"'7Q717qk_1> :)‘UO"FZE?%"" (1—?>Uk+1625.

=1
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Assume towards a contradiction that b = &' + b” for two elements 0',0" € S n Z**!. Let us
write 0" = (b, ..., b)) and 0" = (bg, ..., by, ) for b, b} € Z=o. Then the k-th coordinate of
v 1?f1b” has to .vanish, say by, = 0. ‘We can write b = S0 v, with ] € [0, 1; such that
Do i =1. Since 0 = puy. ¢ + py,, it follows that pj_ , = py, = 0. Thus, b),, = ¢* — 1.
Let us write b” = Y10 v, for p? € [0, 1] with S0 u? = 1. Since b is in the interior of
2S and ¥’ is on the boundary of S, it follows that b” is in the mterlor of S, or in other words
7€ (0,1). From b}, = ¢* — 1 we conclude that p},, = q . Observe that the entry biiq
completely determines the vector b”. Indeed, for i =1, ... k: since b = pj 1q" "+ pf is an
integer and p! € (0, 1), we have that ) = %, which also ﬁxes b!. Note that Y57 i/ >1-a
contradiction. Hence, the element b € 25 N Z**! is not a sum of two elements in SNZ*1. O

Theorem 5.3.9. For any integers q = 2 and k = 2, the simplex S with non-trivial row

(]-7 qk_la -, 17 qk>
has a unimodal local h*-polynomaial.

The remainder of this subsection is devoted to a proof of Theorem [5.3.9. We begin
by computing the parallelepiped group. Recall that this can be straightforwardly done,
by lifting the vertices vy, vy, ...,vr,1 on height one and use these vectors as the rows of a
matrix A. Let us denote the rows of the inverse matrix A=! by ry(A),...,7k42(A). Then the
parallelepiped group is I' = Z*+2 + ka Zri(A). In our case, it is straightforward to verify
that the inverse matrix A~! is given by:

1 0 0 0 0 0 O
—1 1 0 0 0 0 O
-1 0 1 0 0 0 0
= —1 0 0 1 0 0 0
-1 0 0 0 1 0 0
—1 0 0 0 0 1 0
¢" 2 4q" Pbdgrl 1 1 1 1L _ 1 1
qkfl q q2 q3 qkfl qk qk
Hence, the parallelepiped group of S is given by
F=2 b3 4 111 1 1
r= (20 () TR L e ) )2
qr "q'q q q

Hence, the coefficients of the local A*-polynomial B(S;z) = Zf:oz b;z* satisfy:

b = |{z = (z1,...,Tp42) + ZF2 e T :age(z) = 4, z; ¢ Z for all i}
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In particular, we see from this that Z?:o b; = (g —1)-¢" 1. In order to show that the local
h*-polynomial coefficients form a unimodal sequence, it suffices to show that the sequence
(01,05, ...,0,_1) is a unimodal sequence where

y ( iy

q

14
Si={l=1,....¢" q1¢, {—}
We can further simplify this by defining the sequence (41, ..., dx_1) where

={€:L”wfgqfﬂ[ w
6FZH :L.”@“%qfa[éﬂédwzi}

}

Qle%

- —

~~-
=:age (/)

and observing that §; = ¢ - §;, which is obtained by writing ¢ in base ¢. Thus, unimodality
of the local h*-polynomial is equivalent to unimodality of the sequence ;.
Let us next express ¢ = 1,...,¢* " in base ¢, i.e., we write ¢ = Zf:_OQ c;¢* for natural

numbers ¢; € {0,1,...,¢ — 1}. Then age({) can be rewritten as follows

wio-[S(2)]- [’jz‘j{ﬂ“qﬂﬂ = [’i{iwﬂ

i=1 j=0
_Co+01+"'+ck_2 f “
qg—1 ¢Hg—1)|

The following proposition considerably simplifies the computation of age(?).

Proposition 5.3.10. For all ¢ =1,...,¢"", we have that

Y

CO+Cl+"'+Ck_2
qg—1

age(l) = [

where £ = co + c1q + caq® + -+ + cp_2q" 2 is the expression of £ to base q.
Proof. We begin by observing that (recall that ¢ > 2)

14 1
< < 1.

¢ tqg—-1) q-1
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Let us write the fraction (co + -+ 4+ ¢x—2)/(¢ — 1) = r + 0/(q — 1) for some natural numbers
r,0 € Z where 6 = 0,1,...,q — 2. We distinguish two cases.
Suppose § = 0. Since ¢/(¢""1(q — 1)) < 1, it follows that

{co+...+ck_2} - [r L} = age((). .

g—1 ¢ (g—1)
\_\f_J
<1

Next suppose that § > 0. Since ¢/(¢" (¢ — 1)) < 1/(g — 1), it follows that

Co+ -+ Cr_g ) “ ’7 ) 14 “
—lrer—=|r+ — = age(/). []
[ q—1 } [ qg—1 ¢g=1 ¢ g1 ge(t)
<1/(g—1)

With the previous proposition, it straightforwardly follows that

i(g—1) k=2
5i: |_| {(007"'7Ck—2)6[17q_1]X[07q_1]k_202'k_1: Zcm:j}

J=(i=1)(g—1)+1 m=0

Clearly, the number of tuples (cg,...,cx—2) € [1,¢ — 1] x [0,q — 1]k72 N Z*~1 which sum up
to the integer j coincides with the j-th coefficient of the following polynomial

Fe+2+ 4t (It 424 )2 2 D amt™ e Z[t].
m=0
We get §; = Z;(i(_il_)1)(q_1)+1 aj. Since the sequence (dy,...,d;_1) is palindromic, it suffices

to show that d; < d3 < -+ < djr—1)/2|- Since the polynomial f is a product of palindromic
unimodal polynomials, it is palindromic and unimodal too. In particular, the coefficients a,,
are monotonically increasing until the middle (i.e., up to the coefficient ay—1)(g-1)/2])-

Since the sequence (d1, ..., ;1) can be identified with disjoint successive partial sums of
the sequence (v, . . ., Q| (k—1)/2)(¢—1)) Which is monotonically increasing as [ (k — 1)/2](¢—1) <
|(k—1)(qg —1)/2], it follows that (d1,...,0,—1) is unimodal. This completes the proof of
Theorem [5.3.9]

5.4 Number theoretical results on floor and ceiling
functions

In this section we prove a variety of results regarding floor and ceiling functions that we will
use in Section [B.5]
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Proposition 5.4.1. Let k, m,n be positive integers and set € := % Then we have

k-i+1 | |k-i+0+1
k-m+e| | k-mte |
and 3 ) ) i
k-i+1 | [k-i+d+1
k-m+e| k-m+e

foralli=0,1,... mn—1and alld =0,1,..., k—1.
To prove this statement we consider the function
iR = R;(z,y) = flr,y) =k -z +y+1.

We first notice that if we fix zy € R then the function f,,(y) = f(zo,y) is strictly monotoni-
cally increasing on R. Similarly, we have for fixed yo € R that the function f,,(z) = f(z, yo)
is strictly monotonically increasing on R.

Lemma 5.4.2. For each { € [0,n — 1] we have that
C-(km+e)< flr,y) <(l+1) - (km+¢)
where (z,y) € [{m, ({ + 1)m — 1] x [0,k —1].

Proof. Let us consider the restriction of f(x,y) to the region [fm, (¢ + 1)m — 1] x [0,k — 1]
which we denote by g(z,y).

Notice that the domain of g(z,y) is a rectangle with left-bottom vertex (¢m,0) and top-
right vertex ((¢+1)m—1,k—1). With the above observed monotonicity of f(x,y), it suffices
to show that

C-(km+e) < f(t-m,0) and  f(((+1) m—Lk—1)<(+1)-(km+e).

Although it’s straightforward to verify these two inequalities, we want to briefly discuss them
here to show where the assumptions are needed. Clearly, we have

C-(km+e)=k-t-m+{l-e <k-L-m+1=f(-m,0).
—~
<1
Noticed that the assumption ¢ < n implies that ¢ - ¢ < 1. The verification of the second
inequality is straightforward (and doesn’t need the assumption ¢ < n). O

Proof of Proposition[5.4.1. Notice that we can partition the integers in the interval [0, mn —
1] into the following pairwise disjoint subsets:

[0,mn—1]nZ :U([ém,(€+ m—-1]nZ).
=0
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Let ¢ € [¢m, (¢ + 1)m — 1] for some ¢ = 0,1,...,n — 1 and let 6 = 0,1,...,k — 1. By
Lemma [5.4.2, we have that

C-(k-m+e)<k-i+d0+1<(l+1) (k-m+e),

and thus i1
(<O
k-m+e

It follows that

k-i+0+1 _y and k-i+0+1 41
k-m+e¢ k-m+e

for each 6 =0,1,...,k— 1. O]
The following statement is straightforward to show:
Lemma 5.4.3. For (€ [0,n — 1], we have that
C-(m+e)<z+1l<(l+1)-(m+e)
for all z € [fm, ({ + 1)m —1].

Corollary 5.4.4. Let k, m,n be positive integers and set € = % Then we have

k-g+1 | |q+1 and k-g+11 |q+1
k-m+e| |m+e k-m+e| |m+e

forallq=0,1,...,mn— 1.

Proof. We again partition the integers in the interval [0, mn — 1] into disjoint subsets:

([0,mn —1]nZ) = U([Zm,(@—i—l)m—l] NZ).

£=0

Suppose q € [fm, (¢ + 1)m — 1] for some ¢ = 0,1,...,n— 1. By the Lemmas|5.4.2| and [5.4.3]
we have that

C-(km+e)<k-gq+1<({l+1)-(km+¢e) and (- (m+e)<g+1l<({l+1)-(m+e).

Hence, we get that

k- 1 1
¢+ <f/+1 and £<q+

<fl+1.
km+¢ m+ e

! <

From this the statement follows straightforwardly. m
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Lemma 5.4.5. Let k,n,m be positive integers, and let i = 0,1,...,mn — 1 and § =
0,1,....k—=1. If6 = (n—1)m+1 and k = n, then
ki+0+1 1 ki+0+1
—_— 1+ ) <. 5.7
{km+%|( k) km + - (5.7)

Proof. Lett =0,1,...,n—1and s =0,1,...,m — 1. Observe that since § > (n — 1)m + 1,
we have
0 <nk(ks+d—1tm).

\\fJ

>1
Since 0 <t <n —1 and k > n, it follows that
0<nk(ks+d+1—tm)—t(k+1) =nk(ks+0—tm)+nk—t(k+1).

~ -

~~
>1
Expanding and rearranging gives us
tkmn + t < nk*s + nké + nk — tk
from which it follows that
t _ kns +nd +n —t
k kmn + 1
Adding ¢ to both sides gives
1 kns+nd+n—t
t{1+—-) <t . 5.8
( " k> L (5:8)

Because 0 < s <m—1,0<d<k—1,and 0 <t <n—1, we have that

kns+nd +n—t

<kns+n5+n—t
= kmn + 1

kmn + 1

<1l = t—{lﬂ-

By substituting this expression for ¢ in the left-hand-side of Equation (|5.8)), we obtain

t+k:ns+n5+n—t 1—1—1 <t+kns+n5+n—t
kmn + 1 k kmn + 1 ’

Straightforward algebraic calculations then yield

kE(tm +s)+ 6+ 1 1 kE(tm +s)+ 6+ 1
T 1+—-) < T .
km + k km +

Note that with our range of t € [0,n — 1] and s € [0, m — 1], the values of i = tm + s exactly
parameterize i € [0, mn — 1], and thus our proof is complete. ]
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Theorem 5.4.6. Let k,m,n,r be positive integers with 1 < r < mn. For k = mn, § =
mn,mn+1,....k—1, andi=0,1,...,mn — 1, the following hold:

ki+0+1 ki+d+1
SN R I 5.9
{kmjt%J {km+%| (59)
and ki+d+1 ki+d6+1
i+8+ i+6+
—_— | = . 5.10
[km+§w [km+%} (5.10)
Proof. Note that 1 < r implies that
ki+0+1 - ki+d+1
km + S| km+ %
and
ki+d+1 - ki+d+1
km+Z | | km+L |
Thus, our result will follow once we prove that the following holds for all > mn:
ki+d+1 ki+do+1 ki+d+1 ki+d+1
—| < < =< _ (5.11)
km + - (kar%) (k:m+5) km + -

Note that the middle inequality above is a consequence of 1 < r. It is a strict inequality if
1 < r. To show the left-most inequality in ((5.11]), use 6 = mn and apply Lemma to
obtain

ki+o+1| (km+ 3\ |ki+d+1 L+ r—1 _ ki+d+1 1+1
km+L [\km+1) | km+1 knm + 1 km + L k

ki+d+1
km+%

From this, we conclude that if § > mn, the following inequality holds:

{m+6+{J ki+od+1
< .
/{;m+% (kzm—k%)

To show the right-most inequality in ([5.11]), we assume 6 > mn and consider two cases. We
write ¢ = tm + s where t =0,1,...,n—1and s =0,1,...,m — 1.
Our first case is when s = 0. Since d < k — 1 and m > 1, we have

1 1
5<km+i—1= (k:m+—> (t+1)—ktm—1.
n n
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Combining the above inequality with mn < <k —1 and 0 <t <n — 1, we obtain

m+5+1_kmn+5+1_kmn+%+5+%?_t+n5+n—t<t+1_
km+L  km+ il km + L - kmn + 1 -
__t+5+1—mn B ktm+ 9 +1 B ktm+ 9 +1
B (k+1m | | (k+1)m km+ |
€(0,1)

Our second case is when 1 < s < m — 1. In this case, § < k — 1 implies that

1 1
5<k(m—s)—1<£+—+k(m—s)—1: (k:m+—> (t+1)—kmt —ks—1
non n

which implies since § = mn and ¢ < mn — 1 that

ki+d+1  k(tm+s)+0+1

<t+1=[iw<

km + X km + X m
(k+1)i—i+d+1 ki+d+1
< < |—.
km +m km + -
This shows that (5.11)) holds for all mn < § <k — 1. O

5.5 Asymptotic properties of local h*-polynomials

In this section we consider one-row Hermite normal form simplices as in (5.2)) with fixed
ai,...,aq—1 and increasing normalized volume N. Specifically, we establish that the general
behavior of the local h*-polynomial for these simplices is determined by the simplex with
N = M + 1, where M = lem(aq,...,a4-1,—1 + >}, a;). The following theorem shows that
there is a close connection between the local h*-polynomials for N = M +1and N = kM +1.

Theorem 5.5.1. Fiz ay,...,aq 1 € Z and let M := lem(ay, ..., aq_1, Zf;ll a; —1). Denoting
by Skar1 the simplex given in (5.2) with normalized volume N = k- M+ 1 for some k € Z~q,
we have that

B(Skam+1;2) = k- B(Swmy1;2)
Thus, B(Syr41; 2) is unimodal if and only if B(Ska+1; 2) is unimodal for all positive integers

k.

We will first establish Lemma [5.5.2] which will be needed for the proof of Theorem [5.5.1]
Let (ai,...,aq_1) € Z% ' be the vector of the non-trivial-row-entries and let N € Z-, be the

normalized volume of the simplex S < R%. Set M := lcm (al, ey g1, Zf:_ll a; — 1) € Z>o.
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Suppose N = N®) = k. M + 1 for some k € Z-o. Recall that the parallelepiped group is
generated by the following element:

o) 1_2?:_11% @ @2 a1 1 el
o - N "N'N7 N’ N '

We observe that each element x = ¢ - vék) for ¢ =1,...,N —1 has age

/. <<Z?=_llai> —1) _div_a|

=1
age(x) + N N

i=1

SR FARIET!

=1

where we have set

N N
No= g4 and N;=— fori=1,...,d—1.
diiai—1 a;
We notice that NV; for i = 0,...,d — 1 is of the form
kE-M+1 M
N Yk Mote
D, Di—i-c” + e

where M; := M/D; is an integer and ¢; = 1/D;. Substituting this into the formula for the

age, we get
/ = i
=1 | - —|.
age(l') +’7]€'M0+€0“ Z{le+€ZJ

i=1
We now divide ¢ by k,say { = k-q+d+1 forsome § =0,1,...,k—landg=0,1,..., M —1.
By Proposition it follows that

d—1
(k) k-q+d+1 k-q+0+1
. =1 A L x4 -
age(( Uo) +’7k'M0+50 ; k'Mi+€i
k-qg+1 ) k-g+1 (k)
:]_ _— —_ _— — ]{/“ 1 . .
+’Vk"M0+€0—‘ ;{kMZ+€Z age(( ¢+ ) Yo )

Here, we used that ¢ = 0,1,...,M;- D; — 1 for each i = 1,...,d — 1 (notice M; - D; = M).
This proves the following statement.

Lemma 5.5.2. Given the assumptions of Theorem forallq=0,1,...,M —1 and all
0=0,1,...,k—1, we have

age((k’ -q+ 1)vék)) = age((kz cq+0+ 1)vék)> :
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Proof of Theorem[5.5.1, We want to compare the box-polynomials of the two simplices where
the a; are fixed and only the normalized volume changes, namely the general case N with
the ‘initial case’ Ny. Like before let { = k- ¢+ 0 + 1 for some 6 = 0,1,...,k —1 and ¢ =
0,1,..., M —1. We continue to use the notation from above and notice that by Lemma|5.5.2

age<(k'q+6+1)v(k)>=age<(k‘-q+1)v(k)):1+M_%M
0 0 k- My + g = k- M, +¢;

d—1
=1+ — = ( +1 >
[MO n 50} 1,2_1 {Mi n giJ age| (a+ 1)vy

Here, we used Lemma to justify the step from the first to the second line. From this
the theorem follows. O

Next, we extend Theorem [5.5.1] to the setting of arbitrary normalized volume.

Theorem 5.5.3. Fiz ay,...,a4-1 € Z=1 and let M = lem(aq,...,aq-1,—1 + Z 1 al) We
continue to use the notation from Section[5.9 and let Sx denote the simplex giwen there with
normalized volume N. Let k be a positive integer and 0 < r < M — 1. Then we have that

klglolo B(Skmsr; 2)/B(Skrsr; 1) = B(Sym+132)/B(Sm+1; 1)

It follows that if B(Sy41;2) is strictly unimodal, i.e., if the coefficients are unimodal with
strict increases and strict decreases, then B(Sgarir; 2) is strictly unimodal for all sufficiently
large k.

Proof. We fix r =0,1,...,M — 1 and set N(k,r) = kM +r and ag = Zd faz—l Consider
the generator of the parallelepiped group from above

vo(k,7r) = — %o il e U el
oN N(k,r) N(k,r) N(k,r)"""""N(k,r)" N(k,r) '

For ¢ = 1,2,...,N(k,r) — 1, we write { = k-q+d+1for g =0,1,..., M —1 and § =
0,1,....k—1, M; := M/a; and ¢; :== r/a; for i = 0,1,...,d — 1. With this notation, the age
of £ -vo(k,r) is expressed as follows:

M

age(l - vo(k,r)) =1+ [k MOJFSJ _ik; M; +51J

P LR RS S|k gti+l
B k‘ M0+€0 l{? M; + €;

M

We observe that Theorem [5.4.6] shows that

k-q+o+1| |k-q+0+1 and k-q+d+1| [k-g+0+1
k-M;+¢e; | | k-M;+1 k-My+eo | | k-My+1
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forallg=0,1,...,M —land § = M, M +1,...,k — 1 (provided that k is large enough).
Hence, it follows for all ¢ = k-g+0+1 withg=0,1,..., M—1landéd = M, M+1,...,k—1
that
age(l - vo(k,r)) = age(l - vo(k,1)).

In particular, among the kM + r — 1 values of ¢ parameterizing the parallelepiped group for
Syar4r, the number of f-values with ages differing from Syys4; is bounded above by M? + r,
which is constant with respect to k. In addition to this, in the case that ged(M, kM +1r) > 1,
it is possible that some of the (-values for Siasi, might not yield points in the open box
(0,1)%*1. The maximum possible number of such points is Z?:_OI a;, which is again constant
with respect to k.

Thus, as k — o0, the number of £ = 1,2,... kM + r — 1 such that age(? - vo(k,r)) =
age(l-vo(k, 1)) is at least kM +r—1—(M? +r + Y, a;). Hence, the fraction of such (-values
N kM +r—1—(M?*+7r+>,a)

kM +r—1
which goes to 1 as k — co. Hence, we have that

lim B(Skaar; 2)/B(Skasri 1) = kh_{g) B(Skm+1;2)/B(Skm+1;1) = B(Sms1;2)/B(Sm+1: 1)

k—o0
m
For certain values of kM + r, Theorem has implications for h*-polynomials as well.

Corollary 5.5.4. Using the notation from Theorem[5.5.3, if ged(M,r) =1, then

lim A*(Skar4r; 2)/R* (Skar4r; 1) = B(Swms1; 2)/B(Swm+1;1) .

k—0o0

Thus, if Spre1 has a strictly unimodal local h*-polynomial with a positive linear coefficient,
then h*(Skar4r; 2) s unimodal for all sufficiently large k.

Proof. This is a straightforward consequence of Theorems [5.2.10] and [5.5.3| n

5.6 Further questions

Theorem [5.5.3] shows that for a one-row Hermite normal form simplex, if the values of
ai,...,aq_1 are fixed, the distribution of the local h*-polynomial coefficients for arbitrary
normalized volumes is to a large extent determined by a single normalized volume of M + 1.
This suggests several questions leading to directions for further study.

Question 5.6.1. Which sequences ay, ..., aqs—1 yield a unimodal (or strictly unimodal) local
h*-polynomial for Sy;,1?7 How common is it for such a simplex to admit a regular unimodular
triangulation?



CHAPTER 5. LOCAL h*-POLYNOMIALS 91

1.0

0.8 A

0.6 -

0.4

fraction unimodal

0.2 A

0.0

Figure 5.5: For each n, the fraction of unimodal local A*-polynomials for one-row Hermite
normal form simplices Sjs,1 whose one nontrivial row is given by a partition of n

There are several ways to approach Question One approach is to fix a positive
integer n and consider the set of all one row Hermite normal form matrices with final row
formed by a partition of n and normalized volume M + 1. One can ask what fraction of these
have unimodal local h*-polynomials. A plot of these fraction values is given in Figure |5.5
for n < 34. It is not clear what the long-term behavior of this sequence is.

Another approach, which seems more promising, is motivated by the observation that if
the values aq, ..., aq_1 are distinct integers, it appears that this leads to local A*-polynomial
unimodality. For example, every partition of n < 34 with distinct parts yields a one row
Hermite normal form simplex with a unimodal local A*-polynomial, leading to the following
question.

Question 5.6.2. If (ay,a9,...,a4-1) is a list of d — 1 distinct positive integers, does the
corresponding simplex Sj,,1 have a unimodal local hA*-polynomial?

Experimentally, it seems that having a list of completely distinct positive integers is a
stronger condition than needed for unimodality. For example, we generated 121 examples in
the following manner. Begin with a constant vector a; = k£ and fixed d, then randomly add
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0.30 A
0.25 A
0.20

0.15 A

0.10 A
0.05 A

0.00

Figure 5.6: The distributions for 40 local h*-polynomials of 11-dimensional simplices Sy
generated by small random perturbations from constant rows

a value from {0,1,2,3,4} to each entry. We considered the pairs d, k from
{(8,1),(8,4),(8,7),(8,10), (11,1), (11,4), (11, 7), (11, 10), (14, 1), (14, 4), (14, 7)}

and generated eleven samples each, consisting of the constant row case and ten random
perturbations. In all cases, we constructed the simplex Sy;.1, based on its role in Theo-
rem [5.5.3] Of this sample, 95.87% of the Sy;4; had unimodal local h*-polynomials. A plot
of the distributions of the unimodal local h*-polynomials for the 11-dimensional simplices
in this sample is given in Figure [5.6] The distributions that are constant or nearly constant
arise from the constant row values of k = 1,4,7,10. The other distributions arise from the
random perturbations, and these all have a pronounced unimodal behavior.

The five non-unimodal examples from our sample are given in Table [5.1] and each of
the corresponding a-vectors have a single value appearing in around half of the entries.
Note also that unimodality for these examples fails only in the central coefficients. Thus,
it is reasonable to conjecture that if the multiplicity of each distinct entry in the row is
sufficiently small relative to the dimension, the local A*-polynomial is unimodal.

These observations lead to the following more general question.
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a-vector

local h*-vector
[1,4,2,2,2,1,2,1,2,1]
[0,0,4,6,8,11,10,11,8,6,4,0]
[2,3,3,2,3,4,3,4,3,3]
[0,0,12,27,54,57,48,57,54,27,12,0]
[7,7,6,7,7,7,4,4,7,5]
[0,0,11,28,59,77,70,77,59, 28, 11, 0]
I

I

I

[

11,10, 13, 13, 10, 10, 12, 11, 10, 10]

0,0, 12738, 45859, 139946, 185372, 167390, 185372, 139946, 45859, 12738, 0]
6,5,4,7,6,5,4,4,4,4,4,6,7]

0,0, 84, 126, 213, 533, 888, 886, 886, 888, 533, 213, 126, 84, 0]

Table 5.1: The five non-unimodal examples from the sample depicted in Figure

Question 5.6.3. For fixed d and N, consider the set of all one-row Hermite normal form
simplices with normalized volume N and dimension d. What is the “typical” behavior of the
local h*-polynomial distributions for simplices in this set? What is the shape of the space of
distributions associated to B(S; z) for all S in this set?

Regarding Question [5.6.3] computational experiments suggest that when the values of
ai,...,aq—1 are “sufficiently” distinct, the distribution is more similar to Figure than
Figure [5.1) as was observed in Figure [5.6] However, it is not clear at this time how to
translate these observations into a precise conjecture. Finally, it would be interesting to
consider the more general family of Hermite normal form simplices.

Question 5.6.4. Is there an analogue of Theorem for Hermite normal form simplices
with more than one non-trivial row?

Data

The experimental data reported in Section [5.6]is available at:
https://doi.org/10.17605/0SF.10/XH58C.
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Chapter 6

g-analog chromatic polynomials

In this chapter, we conclude with an argument in favor of applying Ehrhart theory to other
problems in mathematics. We discuss the connection between graph colorings and lattice
points in polytopes, and we approach Stanley’s conjecture that the chromatic symmetric
function distinguishes trees [108| using g-analog chromatic polynomials (which we define
using Chapoton’s g-analog Ehrhart polynomials [47)).

6.1 Introduction
The chromatic polynomial of a graph G = (V, E),

xa(n) = #{c:V —[n] : c(v) # c(w) if vw € E},

where [n] := {1,2,...,n}, is a famous and much-studied enumerative invariant of G. We
introduce and study the following refinement: given A := (A1, Ao, ..., Ay) € ZY, let
N
proper colorings
c: V—o[n]

Naturally, xa(1,n) = xg(n). On the other hand, consider Stanley’s chromatic symmetric
function |108]
c 1 1
XG($1,$2,...) = E l’f (1)33;éE 2

proper colorings
c:V—Z~g

(so that X¢(1,1,...,1,0,0,...) = xg(n)). Its principal evaluation (sometimes referred to
as the principal specialization)

XG<q7 q27 A an7 07 07 A ') = Z qZ'UGV C(v) = XlG(Q7 n) (6’1>

proper colorings
c:V—[n]
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is the special case A = 1 € Z" | i.e., A is a vector all of whose entries are 1. In fact, x&(q,n)
was also the subject of [86]. We think of Xg(z1,7s,...) and x2(q,n) as (quite) different
generalizations of the chromatic polynomial, which meet in and still generalize xg(n).

Our first result says that x¢(g,n) has a polynomial structure whose coefficients are ra-
tional functions in ¢, in the following sense:

Theorem 6.1.1. There exists a polynomial X}(q, ) € Q(q)[z] such that

5(%(% [n]y) = XE\;(q,n),
where [n], :==1+q+ - +¢" L.

We thus call X3:(¢, %) (and sometimes, by a slight abuse of nomenclature, x2(q,n)) the
q-chromatic polynomial of G with respect to X\. Our main goal is to initiate the study of this
polynomial.

Example 6.1.2. Consider the path P, with 2 vertices. The following table shows Xa(q, *)
and (g, n) for A = (1,1) and (1,2).

LA X3, (¢, ) | X3, (¢, 1) |
2 2 -9 2 1 — g™ 2 1— 2n
(171) q I2+ q T q2 q _ q
qg+1 qg+1 1—¢q 1—¢?
(1 2) q5+q4_2q3 x3+ _q5+2q4+5q3x2+ _3q3 . 3 1_qn 1_q2n B 1_q3n
P +22+q+1 @ +2¢°+q+1 P+qg+1 l—q¢ 1—-¢>2 1-¢

2

Note that the chromatic polynomial xp,(n) = n* — n appears for ¢ = 1.

There are several motivations to study x¢(g,n) and Y& (q, ). Their definition and basic
structure mirror Chapoton’s study of ¢-Ehrhart polynomials [47] and, in fact, Theorem m
follows from Chapoton’s work and the interplay of chromatic and order polynomials, as we
will show in Section below. On the graph-theoretic side, Stanley famously conjectured
that Xg(x1, 2, ...) distinguishes trees; this conjecture has been checked for trees with < 29
vertices [67], but remains open in general. For recent progress on this conjecture, see, e.g., |4,
5] and the references therein. The literature contains several variations of Stanley’s chromatic
symmetric function; some references on those different variations include |5, (59, |66} |94,
104]. We particularly point out recent work of Loehr and Warrington [87] who conjectured,
more strongly, that the principal evaluation distinguishes trees; they confirmed this
conjecture for all trees with < 17 vertices. We offer the following further strengthening,
which we have checked for all trees with < 16 vertices.

Conjecture 6.1.3. The leading coefficient of the q-chromatic polynomial X¢(z) distinguishes
trees.
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Section [6.3| of this chapter contains several further structural results for ¢-chromatic
polynomials: deletion—contraction musings (Theorems[6.3.1)and [6.3.2]), a combinatorial reci-
procity theorem (Theorem , and a formula for X3,(g, ) in terms of the Mobius function
of the flats of the given graph (Theorem . We mostly concentrate on results on the
polynomial X¢(q, z); there are further structural results on the enumeration function x3 (g, n)
that are direct consequences of their counterparts on the (weighted) chromatic symmetric
function side.

In Section we give several formulas for X (g, z). One of them naturally suggests an
analogue of Stanley’s P-partitions [117], moving from posets to graphs: we introduce and
study G-partitions in Section [6.5 and show that Conjecture [6.1.3]is equivalent to saying that
G-partitions distinguish trees.

6.2 g¢-Ehrhart polynomials

Chapoton [47] introduced a weighted generalization of the Ehrhart polynomial of a lattice
polytope P < RY (i.e., P is the convex hull of finitely many integer lattice points in Z<¢). We
briefly sketch this theory and its application to order polytopes, which in turn allows us to
exhibit a connection to g-chromatic polynomials.

Let A\ : Z% — Z be a linear form that is nonnegative on the vertices of P and distinguishes
the vertices of any edge of P, and define

ehrp(g,n) == >, ¢

menPnZ4

The classical Ehrhart polynomial [56] is the specialization ehr (1, 7). Chapoton proved that
there is a polynomial E;B/I';(ZL‘) € Q(q)[x], such that

ehrp([n]y) = ehrp(g,n). (6.2)

We refer to Jlr;(g:) as the q-Fhrhart polynomial with respect to \. We often denote the
linear form A as a vector (A1,...,\;) € Z%, where \; = A(e;).

Parallel to the classical case, structural results for ehrp(g,n) follow from studying the
q-FEhrhart series

Ehr}(q, z) = Z chry(q,n) 2" (6.3)
n=0

Chapoton [47] showed that can be written as a rational function whose denominator
consists of factors 1 — ¢/z, where j = A(v) for a vertex v of P. Furthermore, Chapoton
proved the reciprocity theorem

—~ A

(~1)#) ehrp(q, [~nl,) = ehrp. (1 [n],). (6.4)

Q=
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where P° denotes the (relative) interior of P and

1—q™ .
— = = — -|—

—(n—1)

+o+ g,

The case ¢ = 1 in (6.4) recovers the classical Ehrhart-Macdonald reciprocity theorem |25,
89).
Given a poset II = ([d], <), the order polytope O(II) is the lattice polytope

O(H) = {(1’1,...,$d)6 [O,l]di $i<$j lflﬁj}

Order polytopes were introduced by Stanley [120]; they contain much information about a
given poset and have provided important examples in polyhedral geometry.

Since all vertices of O(II) are 0/1-vectors, Ehré‘g(n)(q, z) can be written as a rational
function with factors 1 — ¢’z in the denominator where j is a sum of some of the entries
of A\. Chapoton’s genericity condition means for order polytopes that the coordinates of A
are positive, which we assume from now on. We also note the following corollary, which we
record for future purposes.

~ A
Lemma 6.2.1. Let A := A+ Ao+ -+A4. The coefficients of [A],! ehrg gy (x) are polynomials
m q.

Kim and Stanton |80, Corollary 9.7] gave the following (equivalent) formulas for the case
when A = 1:

Z qcomaj (o) Zdes(a)
)

Eh 1 _ O'EE(H
i (e e B (s
comai(o) | @ +d — des(o
ehro (g, n) = Z g®omail@) [ p ( )] : (6.5)
oeL(II) q

where L(IT) is the set of linear extensions of II and, writing a given linear extension o as a
permutation of [d], and []

Des(o) :={j: o(j+1) <a(j)},
des(o) := | Des(o)|, and
comaj(o) := Z (d— 7).

j€Des(o)

'Here we fix a natural labeling of II, i.e., an order-preserving bijection II — [d]. The permutation
corresponding to a given linear extension ¢ can be read off from this labeling. Unfortunately, there are two
different (and conflicting) definitions of the comajor index in the literature: the one we use here, and the
sum of the ascent positions.
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See |25 Chapter 6] for details on the interplay of linear extensions of a poset, their descent
statistics, and the arithmetic of order polytopes.

Given a graph G, let A(G) denote the set of acyclic orientations of G; each acyclic ori-
entation ¢ naturally induces a poset, which we denote II,. There is a well-known connection
(essentially going back to [109]) between the chromatic polynomial of a given graph G and
the Ehrhart polynomials of the order polytopes of the acyclic orientations of G. In the
language of g-chromatic polynomials and ¢g-Ehrhart polynomials, it reads as follows.

Lemma 6.2.2. The g-chromatic polynomial with respect to A equals

Xelgn) = > ehrg y(gn+1).
e A(G)

Proof. We follow the philosophy of inside-out polytopes [27]. Let d = |V|. We may interpret
each n-coloring of the vertices of G is a lattice point in the (n + 1)st dilate of the open
unit cube (0,1)¢ (where the jth coordinate is the color of vertex j). Furthermore, every
proper n-coloring of [d] is a lattice point that is not contained in the graphical hyperplane

arrangement
HG = {ZL’Z =X;: Z] € E} (66)

(see, for example, Figure . The regions of (0,1)%\Hg are precisely the open order poly-
topes O(I1,)° for p an acyclic orientation of G. That is, each proper coloring ¢ of G' induces
an acyclic orientation g. of G, where the edge ij is oriented from i to j if ¢(i) < ¢(j) and
from j to i if ¢(j) < c(i). Therefore,

xo(g,n) = Z e+ +racld) Z Z e

roper colorings A celn o g
’ (I;):[d]a[n] & 0€A(G) ce(n+1)O(1l,)°NZ
- Z ehrg(ng)o(q, n+1). 0

0 A(G)

Lemma 6.2.3. Suppose f(x) and g(x) are polynomials with coefficients that are rational
functions in q such that

f([n]q) = g([”]q) Jorall neZy.

Then f(z) = g(x).

Proof. By our assumptions, the polynomial f(z) — g(z) € Q(¢)[z] has infinitely many zeros
and so must by the zero polynomial. O]

Together with Chapoton’s result (6.2)), Lemmas [6.2.2{ and |6.2.3| prove Theorem [6.1.1} In
fact, we can see more, namely, that the analogue of Lemma holds also for g-chromatic
polynomials.
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Figure 6.1: The proper 5-colorings of P, as points in the 6th dilates of the open order
polytopes corresponding the acyclic orientations of the graph. The order polytope Ajs
contains colorings ¢ : [2] — [5] with ¢(1) < ¢(2) and the order polytope Ay contains
colorings with ¢(2) < ¢(1).

Corollary 6.2.4. Let A := A\ + g+ -+ Xg. The coefficients of [A],! Xx(x) are polynomials
m q.

The case A = 1 is particularly nice because we can employ (6.5)).
Corollary 6.2.5. For any graph G = (V, E),

(441) ~comaj o n + deso
SR e L

0€A(G) oeL(Ily)

Proof. We apply (6.4) and (6.5)):
a1 _omaio | 0T deso — 1
ehrbro(gn) = (—1)ehrby (L,—n) = 3 q('3)-com [ ) ]
oeL(Il,) q
and so Lemma [6.2.2] finishes the proof. O
Figure (6.2 shows the computation of xp, (¢, n) via Corollary We also record a few

consequences of the corollary.
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Acyclic Orientation ¢ | Induced Poset II, | Linear Extensions £(1I,)

123

123, 213

/\
oo R\/f 123, 132
|

123

Figure 6.2: Computing the g-chromatic polynomial of P; from the linear extensions of the
induced posets of its acyclic orientations:

ctun-sfi o1

Corollary 6.2.6. Let G = ([d], E) and express x&(q,n) in the form

n+j

i = Saw| |
=0 q

(a) Each ;(q) is a polynomial in q with nonnegative coefficients.

d+1)

(b) Bo(q) = |A(G)| q(dgl); in particular, if G is a tree then Po(q) = 2d_1q( 2
(c) The largest value i for which B;(q) # 0 is d — & where £ is the chromatic number of G.

Moreover,
b)) = Y e,

propif’vcil)%rings
Remark 7. Corollary[6.2.5]gives another way of realizing the largest value j for which §;(q) #
0, namely, as the maximal number m of descents in a linear extension of a poset induced by
an acyclic orientation of G. Therefore, the chromatic number of G is equal to d — m, which
is one more than the minimal number of ascents in a linear extension of a poset induced by
an acyclic orientation of GG. This fact is known as the Gallai-Hasse-Roy—Vitaver Theorem
(see, e.g., |48, Theorem 7.17]).

We also remark that [;_¢(q) distinguishes between some trees, as the next example
illustrates.
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Example 6.2.7. Let T be the path of length 3 and let T, be the star with degree sequence
(3,1,1,1). We compute

n n+1 n+ 2
X1, (¢,n) = 8q10[4] +(4q9+6q8+4q7)[ A ] +2q6l A ]
q q q

n n+1 n+ 2
X1, (¢, n) = 8q1°[4] +(5q9+4q8+5q7)[ A ] +(q7+q5)[ A ] :
q q q

In particular, x}, (¢,2) = 2¢° while x},(¢,2) = ¢" + ¢°. However, the coefficient 4_2(q) is
not enough to distinguish all non-isomorphic trees on d vertices.

6.3 The structure of ¢g-chromatic polynomials

As with the classic chromatic polynomial, the g-chromatic polynomial satisfies a deletion—
contraction relation. Naturally, this strongly relates to the deletion—contraction formula for
Crew—Spirkl’s weighted version of the chromatic symmetric function [51, Lemma 2].

Theorem 6.3.1. Suppose G = ([d], E) is a graph, A\ = (\1,...,\q) € Z¢, and e = 12 € E.
Then

(A1+A2,A3,..., /\d)(

Xe(a:m) = xenelan) = X&e g,n).

Proof. As usual, we observe that the proper n-colorings of G are precisely the proper n-
colorings ¢ of G'\e that satisfy the additional condition ¢(1) # ¢(2). Therefore, we may count
them by counting all proper n-colorings ¢ of G\e and then removing all such colorings ¢ for
which ¢(1) = ¢(2):

X/C\;(q, n) — Z q)\lc(l)+"'+>\dc(d)
proper colorings
c:[d]—[n] of G
— Z q)\lc(l)-i-m-‘r)\dc(d) _ Z q)\lc(l)+'-~+)\dc(d)
proper colorings proper colorings
c:[d]—[n] of G\e c:[d]—[n] of G\e
where ¢(1)=c¢(2)
A +A2, A3, 00
= Xenela:n) — X(G/f 20 (g ) O

We observe that a similar computation enables us to express any g-chromatic polynomial
(for general A with positive entries) as a linear combination of g-chromatic polynomials with
A =1, via a repeated expansion-addition process as follows. If G = ([d], E) is a graph and
A= (A,...,\g) € Z4, with Ay > 2, split the vertex 1 into two vertices 1’ and 1” with weights
A1 — 1 and 1, respectively. Create the expansion graph exp(G,e) of G at 1 with vertex set
{1',1",2,...,d} and edge set

{1'i,1"i: 1 €{2,...,d} such that lie E} u {ij : i,j €{2,...,d} such that ij € E},
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and let the addition graph add(G,e) of G at 1 be exp(G, e) with an edge added between the
new vertices 1’ and 1”. Then

A —1,1, 0, A A =11 A0,\
X&lan) = xGhae™ " (4n) = X (@)

By repeatedly applying this process, we obtain the following result:

Theorem 6.3.2. If G = ([d|,E) is a graph and X\ = (A\1,...,\q) € Z%,, then there exist
graphs Hy,..., Hy on Ay + - + \g vertices and integers ky, ..., ks such that

4
=1

Our next result extends Stanley’s famous reciprocity theorem for the chromatic poly-
nomials to the g-setting. A (not necessarily proper) coloring ¢ of a graph G is compatible
with an acyclic orientation ¢ of G if ¢ (weakly) increases along oriented edges. Stanley [109]
proved that |xg(—n)| equals the number of pairs of an n-coloring and a compatible acyclic
orientation of G. In particular, |xg(—1)| equals the number of acyclic orientations of G.
This generalizes as follows.

Theorem 6.3.3. Given a graph G = (V,E) and A€ ZV, let A=Y, ., A\,. Then

(—1)‘V|q/\ SZ)G\ (%’ [-Tl]%) _ 2 qZUGV(G) /\vc(v)’
(c,0)

where the sum is over all pairs of an n-coloring ¢ and a compatible acyclic orientation o.

Example 6.3.4. For A = 1, the path on 2 vertices has g-chromatic polynomial

L (g,2) 2¢%2? — 2¢°x
r) = ———.
XP2 q, 1+ q
Therefore,
~ 222 — 2¢ %z 2qx? — 2qx
N2 (L _ 2 N R
( Q) XPg(qVT) q 1+q_1 1+q
and so, e.g.,

29(—q — ¢*)* — 2q(—q — ¢°)
1+g¢

(_Q)2 %}%(%7 —q— QQ) = = 2q4 + 2q3 + 2q2.

Indeed, this sums ¢=*) for the six pairs of 2-colorings and compatible acyclic orientations.
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Proof of Theorem[6.3.3 Let d := |V|. We apply Chapoton’s reciprocity theorem (6.4) to
Lemma [6.2.2}

—~ A

(1) X&(a, [=nly) = D) (=) ehrpqy,e (g, [-n + 1],)
0€A(G)
= ;G)(—l)d eNhl"?f)(ng) <§, [n— 1]%) :

Therefore,

(1% (Ll=nls) = 3 (=) ehrgqm, (g, [n — 11,

0€A(G)

= Z ehri‘g(ng)(q, n—1). (6.7)
0€A(G)

The integer lattice points in (n — 1)O(Il,) can be interpreted as colorings of G using the
color set {0,1,...,n — 1} that are compatible with g, and so (6.7]) equals

Z quewg) Av(c(”)—l)_ ]
(c.0)

We conclude this section with one more way of computing g-chromatic polynomials.
A flat of a given graph G = (V, E) is a subset S © FE such that for any edge e ¢ S, the
subgraph (V,S) has strictly more connected components than (V, Su{e}). Geometrically, the
intersection Hg of the hyperplanes of the graphical arrangement H¢ in corresponding
to S form a flat of H. Let P(S) be the collection of vertex sets of the connected components
induced by S, and for W < V and A € ZY,,, let

AW:Z Z)\U

veW

The flats of G form a poset (in fact, a lattice), whose Mdbius function helps us compute,
again via inside-out polytopes [27] (see also [25, Chapter 7]), that

Xg(%n) = 2 M<®7S)ehrf\0,1)vas(n+1) = Z 12, 5) 1_[ qAO[n]ch
)

flats SCE flats SCE CeP(S
= ¢ > w@,8) [ [l
flats SCFE CeP(S)

In particular, for a tree T' = (V| E),

xrlen) = ¢ Y (=D T [l

SCE CeP(S)
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These formulas can be viewed as analogues of [108, Theorem 2.5|, where Stanley proves an
expression for the chromatic symmetric function in the power sum basis.
Next, we employ the following trick from [47]: for integers n > 0 and k > 1
1—(1+qz—x)*
1—g*

This yields the following formulas for ¢g-chromatic polynomials.
Theorem 6.3.5. Given a graph G = (V,E) and A€ ZV,
- 1—(1+qz —x)he
Yelen) = ¢ > we.9) [] g
flats SCE CeP(S)
In particular, for a tree T = (V| E),

Xrlan) = ¢ Y (=D)" [] 1— (1+ gz —a)te

— A
SCE CeP(S) 1 =g

Remark 8. In the following section, we will study the leading coefficient of this polynomial
and see that it appears to distinguish trees. This is certainly not true of all other coefficients.
For example, we can see that any tree on d vertices with the same total vertex weight Ay has
the same linear coefficient (and the same constant 0, like the ordinary chromatic polynomial).

Since
1—(1+(¢—1x)te  —Aclg— 1)z - (%) (g — 1)%2? — - -

1 —ghe 1—qé

Y

the only linear terms of Y come from edge subsets S that result in 1 connected component;
for trees T', the only such set is S = E. Thus, for a tree, the linear coefficient is determined
only by d and Ay .

Example 6.3.6. Theorem [6.3.5| suggests highly structured formulas for certain families of
graphs; we exercise this for the path P, on k vertices when A = 1, in analogy with the
chromatic symmetric function [114, Exercise 7.47(k)].

— — p)lcl
Thlen = o B0 ] G < 0t 3T e,

ScFE CeP(S) SCE CeP(S)

where ( )
. 1-—1+qgx—x)
P = — .

(4,7, 7) T
and we used the fact that (for a tree) |S|+ |P(S)| = |E| + 1. The subsets of E (for the path
Py,) are in one-to-one correspondence with the compositions (i.e., ordered partitions) of k,
with parts given by the sizes of the sets in P(.S). Thus

Mxb(g o)t = >3 ] @10 =, H ®(q,x,m) (—qt)"!,

k=1 k=1 SCFE CeP(S) H meP(p
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where the sum is over all compositions p, we collect the parts of p in the multiset P(u), and
|pe| is the sum of the parts of p.

Example 6.3.7. The analogous computation for the star Sy, on k + 1 vertices gives
k .
Bualen) = 0 2T 2o = ot ([)ors +nint
SSE CeP(S) Jj=0

and so

k=0 k=07=0

Y @)t = T (’;)cm,x,jﬂ) ()7 (—qt)
[}

, i (zqt)!
= —qty @ 1) (—p)d —2
C]t : (Q7x7j + ) ( ':C) (1 _ xqt)JH
Jj=0

_ Z(_1)j+1q>(q,x,j+1)< gt )jH.

0 1 —zqt

6.4 The leading coefficient of a ¢-chromatic polynomial

We now focus our attention on the leading coefficient ¢.(q) of X7:(¢q,n) stemming from The-

orem [0.3.9l

Corollary 6.4.1. Given a tree T = (V,E) and \ € ZV, the leading coefficient of X7-(q,n)
equals
( 1 \V| Av

(q) =
SCE CeP(S

In particular,

A Ay V]+Ay Ay—k [Av],!
[Av]! ep(q) = ¢*(=D)V S;E(l—Q) (S)m

(where k(S) denotes the number of components of the subgraph induced by S) is visibly a
polynomial in ¢, as the fraction is a g-multinomial coefficient times a polynomial.

Remark 9. Deletion—contraction extends to ¢}(q), and we provide a formula here which
might be helpful for computations. Let [ be a leaf of T" and

A= {ScFE:l¢ecforallee S}

B = {Sc E:le€efor for some e € S}.
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Let 7" = (V', E’) be the tree with [ deleted; we will denote the number of connected com-
ponents induced by S € E’ by /(S). We further define X’ to be the vector A with /th entry
removed, and AT to stem from A\ where we add \; to the entry corresponding to the neighbor
of [, with corresponding notation A}, for W < E’. Then

_ NAy—&(S) [AV]q! _ ERPAPYEN [AV] _ANA—R(9) [AV/]q!
s;A(l ! [Heers[Acly oo (Mg [Av ]! SCE/(l g [eers)Acly
and

- [AV]q! AL, —K(S) [A\J;/]q!
R D ML AL S
5; HCEP(S’)[AC]Q S;/ HC’EP(S)[AE]Q

Thus,

Z AV’ K'(S) [AV/]Q!
AV’ q' SCE HCEP(S) [AC]q

Ay [V|+Ay AT, —K(S) [AJ\?]q
SCE' CeP(S

e (I o) - ([Amq! @)

Again the fraction is a polynomial (via a g-binomial coefficient). This formula allows us to
implement a recursive algorithm to compute the leading coefficient of Y for trees, as given
in Figure [6.3] See, for example, the leading coefficients (for A = 1) for all trees on d = 6
vertices computed in Figure [6.4]

We now further focus on the case A = 1. Corollaries [6.2.5] and [6.4.1] give the following

two (quite different) expressions for the leading coefficient.

[Av]g! ep(q) = ™ (=D)AL —g)h™ 1

= ¢M(g— DN

Corollary 6.4.2. Given a tree T = (V, E) on d vertices, the leading coefficient of X+(q,n)
equals

cr(q) =

SCE CeP(S

where the sum ranges over all pairs of acyclic orientations o of T and linear extensions o of
the poset induced by o.

Proof. The first formula follows directly from Corollary The second follows from
Corollary The g-binomial coefficient in Corollary can be expressed in terms of
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1: function LEADING COEFFICIENT(T', (A1,...,\g))
2 n < # of vertices of T’

3: if n == 1 then

4 1 < the sole vertex of T'

5

_ 1 i
return (q/\‘
(¢* —1)
6 else
7 i <—aleaf of T
8 J < 1’s unique neighbor
9: Tyl < T with vertex i and edge {7, j} removed
10: Adel < ()\1, ce ,)\d) with \; =0
11: Cdel < LEADING COEFFICIENT(T ge1, Ader)
12: Teon < T with edge {7, j} contracted
13: Acon < ()\1, e )\d) with )‘j = /\j + X and \; =0
14: Cecon < LEADING COEFFICIENT(T¢on, Acon)
(¢ — DN
15: return 777 " Cdel — Ceon
, (¢* —1)
16: end if
17: end function
18: return [d],! - LEADING COEFFICIENT(S, (41, .-, fta))
Figure 6.3: A recursive algorithm that computes the leading coefficient of )?Eg“ Leooht d)(q, x) of

a tree S on d vertices via deletion-contraction

the ¢-integers via
ln—l—desa] [n+desal,--[n]g---[n+deso— (d—1)],
d q [d]Q'
1

= [d]q! (qdesl’[n]q + [des U]q) . [n]q e (%)

(since (d — 1) — deso = asc o, the number of ascents of o), which gives

C,}j Z Z d+1 des U+1) (ascngl)icomaj . .

QGA(G) oeL(IT

Using the relation asco + deso = d — 1 again, the exponent simplifies to

d+1 deso +1 asco + 1 . .
5 + 5 — 5 —comajo = d+majo. O

In Corollary 6.4.2, the latter expression for c7(¢) illustrates that _; [d]! c}(g) is a poly-
nomial in ¢ with nonnegative coefficients. We provide this expression for all non-isomorphic
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trees on d = 6 vertices in Figure . We note that this expression also implies that ck(g) is
(up to a factor of ¢¢) the sum over the orientations o of T' of the major index q-analogue of
the poset 11,, as studied, e.g., in [58].

Example 6.4.3. Continuing Example [6.3.6] we return to the path P, on k vertices. Corol-

lary gives
C}:’k <Q) = q - q Z H _ q|C|
SCE CeP(S
and thus
1
1 k 2y 4\ 1
dYen@tt = > > ] e ((g—a)t —¢) )",
k>1 k=1 SCE CeP(S) p meP(u

where again the sum is over all compositions .

Example 6.4.4. Continuing Example [6.3.7] along similar lines, we compute for the star

) = Z() g~ ()

- =\
and so
- i+1
1 k1 (1—q)*! (k> k1 1 qt(1 —q)\’
s, (@)t = RN A ) (qt) = .
kzg() k+1 ];) 1— q]+1 kZZJ j ];) 1— q]+1 1 — qt

is a classical Lambert series.

Remark 10. Corollary immediately distinguishes stars from all other trees: the largest
possible major index one can obtain from a tree is from the linear extension [1,d,d—1, ..., 3,2
and the only tree that realizes this is the star (with acyclic orientation where all edges point
out from center). Consequently, the degree of [d],! c}(¢) for a star is strictly larger than that
of any other tree with the same number of vertices.

6.5 G-partitions

The second formula in Corollary is reminiscent of Stanley’s P-partitions [117] and
organically suggests an extension of that concept to graphs. We first review the part of
Stanley’s theory that we will need.

Given a poset I1 = ([d], <), a strict H-partition of n € Z~, is a tuple m € Z<¢, such tha

2 m; =n and m; < my whenever j < k.

20ur definition differs from Stanley’s inequalities, but the methodology is the same.
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Let pr(n) denote the number of strict II-partitions of n, with accompanying generating

function
Pu(q) == ) pu(n) q".

n>0

Then by |25, Exercise 6.23],

Pu(q) = ¢ Doeoay [jenseo 7 0" Dpepqy ™77 (6.8)
1-q)1—=¢)--(1—¢9) (Q-qgl-¢)---(1-qV)
where Asco denotes the ascent set of o, and we define 0°?(j) := o(d + 1 — j). Note that
we compute ascents and descents as in Section [6.2} we fix some natural labeling of II, i.e.,
an order-preserving bijection I — [d]. The permutation corresponding to a given linear
extension o can be read off from this labeling. Viewing a poset as an (acyclic) directed
graph, the following definition gives the natural analogue for an undirected graph.
Let G = (V, E) be a graph. A G-partitionf)| of n € Z is a tuple m € ZY such that

2 My =N and m, # m, whenever vwe FE .
veV

Let pg(n) denote the number of G-partitions of n, with accompanying generating function
Palq) := 20 Pa(n) ¢

Theorem 6.5.1. Let G be a graph on d vertices. Then

e Z(M) g
1=q)1—=¢*)- (1—q7)
q(d;rl) Z(Q,U) q e
1-g1-¢) - (1—¢q%)’
where each sum ranges over all pairs of acyclic orientations o of G and linear extensions o
of the poset induced by o.

Palq) =

Proof. Since every G-partition is a II,-partition for exactly one acyclic orientation ¢ of G
(and, conversely, every II,-partition is a G-partition),

pa(n) = Y, pu,(n)

0€A(G)

and so gives the first formula:

maj o°P

d
q ZQEA(G) ZUEE(HQ) q
1-q)(1-¢* - (L—q%)
3We follow the (somewhat misleading) nomenclature of Stanley—in general, neither P- nor G-partitions
are partitions, rather they are compositions, i.e., ordered partition of a given integer n.

Pa(q) =
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To see the second formula, we note that each p € A(G) has a partner orientation g € A(G)
in which the direction of each edge is reversed. A linear extension o € L(II,) has the
corresponding linear extension & € L(Il;) defined via

o(j) =d+1—o(d+1—j) = d+1—0(j).

In particular, j € Des(c?) if and only if j € Asc(a), and so

Z qmajo"p _ Z q(g)fmajﬁ' O
(0.0)

(29)
This yields a third equation that can be added to the ones in Corollary [6.4.2]

Corollary 6.5.2. Given a tree T = (V, E) on d vertices, the leading coefficient of X+(q,n)
equals

@) = (-1 Fa (3).

We can now see Remark [10[ through this new lens: the star graph on d vertices is unique
with pg(d+1) = 1. More generally, Corollary implies that Conjecture is equivalent
to the following.

Conjecture 6.5.3. The G-partition function pg(n) distinguishes trees.

We conclude by making note of the connection between G-partitions and the stable prin-
cipal evaluation Xg(q,q, 3, ...) of the chromatic symmetric function. Namely, from first
principles we can see that

PG’(q) = XG(qaq27q37 .- ) :

This yields one final equation for the leading coefficient that can be added to the ones in

Corollary [6.4.2]

Corollary 6.5.4. Given a tree T = (V, E) on d vertices, the leading coefficient of XF(q,n)
equals

Ha) = (' Xo (5 k)

That is, when we express the principal evaluation of the chromatic symmetric function
as a polynomial in the g¢-integers, the stable principal evaluation appears in its leading
coefficient.

6.6 Open questions

From our construction of Y7.(¢q,n) for general A\, a natural weakening of Conjecture m
(that is perhaps easier to prove) arises.
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Conjecture 6.6.1. For any pair of non-isomorphic trees S and T on d vertices, there exists
a vector X = (A, .., \a) € Z=g such that x3(q,n) # x3(q,n).

Another line of open questions emerges concerning the coefficients of the ¢-chromatic
polynomial. The classical chromatic polynomial xg(n) is very well studied, and many of
its coefficients have nice combinatorial interpretations. Can we generalize these to X¢(g,n)?
For example:

1. The second coefficient of x¢(n) is (negative) the number of edges of G. Can we refine
this to a ¢ version, i.e., does the second coefficient of Y&(g,n) count the number of
edges of G, but graded by some property of the edges?

2. Can the same be done for the linear coefficient which, in the classical case, counts the
number of acyclic orientations with a unique sink at one fixed vertex? (This is not
interesting for trees by Remark , but could be interesting for general graphs.)

3. The coefficients of xg(n) are alternating. Can we show that the coefficients of Y& (q, n)
are “strongly alternating,” in the sense that the coefficient of 27 in [d],! - X&(q, z) is a
polynomial in g with either all positive or all negative coefficients (depending on the
parity of d — j)?

Finally, as we mentioned in the introduction, there are further structural results and
questions that stem from viewing x¢:(¢,n) as an evaluation of a (weighted) chromatic sym-
metric function. It is then natural to ask if there is anything to be gained by zeroing in on
the polynomial X3 (q, x); for example:

(4) Is there some (interesting) variant of the (3 + 1)-free Conjecture of Stanley and Stem-
bridge [121] for X2 (q,z)?

(5) There exist variants of Whitney’s Broken-Circuit Theorem for weighted chromatic
symmetric functions; see |51, Lemma 3| and |61, Theorem 6.8|. Do they give rise to a
meaningful broken-circuit result for the coefficients of Y3 (g, x)?
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T [d] q!
qd

- cr(q)

2¢" 4+ 8¢" + 18¢" + 364° + 62¢° + 78¢" + 102¢° +
102¢° + 106¢* + 80¢® + 62¢> + 32¢ + 32

q" + ¢ + 10¢" 4+ 16¢'° + 41¢° + 57¢* + 81¢" +
95¢5 + 108¢° + 100¢* + 83¢> + 59¢° + 36q + 32

4q"% + 8¢™ + 18¢0 + 42¢° + 58¢° + 78¢7 + 92¢° +
110¢° + 98¢* + 82¢® + 58¢* + 40q + 32

29" + 9¢" + 20" + 34¢° + 65¢® + T7q" + 96¢° +
104¢° + 107¢* + 76¢° + 6242 + 369 + 32

I g+ 3¢*% + 11gM + 18¢° + 39¢° + 60¢® + T8¢ +
l 87¢5 + 110¢° + 101¢* + 79¢> + 59¢° + 42q + 32

q"* +9¢"% + 9¢™ + 20¢" + 39¢” + 60¢° + T2q" +
81¢°% + 112¢° + 99¢* + 79¢> + 58¢* + 49¢q + 32

Figure 6.4: A table of the leading coefficients of the g-chromatic polynomials of the non-
isomorphic trees on d = 6 vertices



113

Bibliography

1

2l

13l

4]

[5]

(6]

17l

8]

19]

[10]

Karim Adiprasito, Stavros Papadakis, Vasiliki Petrotou, and Johanna Steinmeyer. Be-
yond positivity in Ehrhart Theory. preprint, https://arxiv.org/abs/2210.10734. 2022.
DOI: 10.48550/ARXIV.2210.10734.

Semyon Alesker. “Integrals of smooth and analytic functions over Minkowski’s sums
of convex sets”. In: Convexr geometric analysis (Berkeley, CA, 1996). Vol. 34. Math.
Sci. Res. Inst. Publ. Cambridge Univ. Press, Cambridge, 1999, pp. 1-15. DOI: 10.
2977 /prims/1195144824. URL: https://doi-org.focus.lib.kth.se/10.2977/
prims/1195144824.

James E. Alexander and André Hirschowitz. “Polynomial interpolation in several
variables”. In: Journal of Algebraic Geometry 4.2 (1995), pp. 201-222. 1SSN: 1056-
3911.

Farid Aliniaeifard and Stephanie van Willigenburg. “Deletion-contraction for a unified
Laplacian and applications”. In: Lin. Alg. Appl. 691 (2024), pp. 50-95.

José Aliste-Prieto, Anna de Mier, Rosa Orellana, and José Zamora. “Marked graphs
and the chromatic symmetric function”. In: SIAM J. Discrete Math. 37.3 (2023),
pp. 1881-1919. 1SSN: 0895-4801. DOI: [10. 1137/22M148046X.

George E. Andrews, Peter Paule, and Axel Riese. “MacMahon’s partition analysis.
VIII. Plane partition diamonds”. In: vol. 27. 2-3. Special issue in honor of Dominique
Foata’s 65th birthday (Philadelphia, PA, 2000). 2001, pp. 231-242. DOI: 10. 1006/
aama.2001.0733. URL: https://doi.org/10.1006/aama.2001.0733.

Federico Ardila, Mariel Supina, and Andrés R. Vindas-Meléndez. “The equivariant
Ehrhart theory of the permutahedron”. In: (2020). arXiv: |1911.11159 [math.C0].

Esme Bajo and Matthias Beck. “Boundary h*-Polynomials of Rational Polytopes”.
In: SIAM Journal on Discrete Mathematics 37.3 (2023), pp. 1952-1969. DOI: 10 .
1137/22M1508911. URL: https://doi.org/10.1137/22M1508911.

Esme Bajo, Matthias Beck, and Andrés R. Vindas-Meléndez. q-Chromatic polynomi-
als. 2024. arXiv: 2403.19573 [math.CO].

Esme Bajo, Benjamin Braun, Giulia Codenotti, Johannes Hofscheier, and Andrés R.
Vindas-Meléndez. Local h*-polynomials for one-row Hermite normal form simplices.
2023. arXiv: [2309.01186 [math.CO].


https://doi.org/10.48550/ARXIV.2210.10734
https://doi.org/10.2977/prims/1195144824
https://doi.org/10.2977/prims/1195144824
https://doi-org.focus.lib.kth.se/10.2977/prims/1195144824
https://doi-org.focus.lib.kth.se/10.2977/prims/1195144824
https://doi.org/10.1137/22M148046X
https://doi.org/10.1006/aama.2001.0733
https://doi.org/10.1006/aama.2001.0733
https://doi.org/10.1006/aama.2001.0733
https://arxiv.org/abs/1911.11159
https://doi.org/10.1137/22M1508911
https://doi.org/10.1137/22M1508911
https://doi.org/10.1137/22M1508911
https://arxiv.org/abs/2403.19573
https://arxiv.org/abs/2309.01186

BIBLIOGRAPHY 114

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Esme Bajo, Robert Davis, Jesus A. De Loera, Alexey Garber, Sofia Garzon Mora,
Katharina Jochemko, and Josephine Yu. “Weighted Ehrhart theory: Extending Stan-
ley’s nonnegativity theorem”. In: Advances in Mathematics 444 (2024), p. 109627.
ISSN: 0001-8708. DOI: 10.1016/j.aim.2024.109627. URL: https://doi.org/10.
1016/j.aim.2024.109627.

Velleda Baldoni, Nicole Berline, Jesus A. De Loera, Matthias Képpe, and Michele
Vergne. “How to integrate a polynomial over a simplex”. In: Mathematics of Com-
putation 80.273 (2011), pp. 297-325. 1SSN: 0025-5718. DOI: 10.1090/S0025-5718-
2010-02378-6. URL: https://doi.org/10.1090/50025-5718-2010-02378-6.

Velleda Baldoni, Nicole Berline, Matthias Koppe, and Michéle Vergne. “Intermediate
sums on polyhedra: computation and real Ehrhart theory”. In: Mathematika 59.1
(2013). arXiv:math/1011.6002, pp. 1-22. 1SSN: 0025-5793.

Velleda Baldoni et al. “A User’s Guide for LattE integrale v1.7.2”. In: (2013). software
package LattE is available at http://www.math.ucdavis.edu/~latte/.

David Barnette. “A proof of the lower bound conjecture for convex polytopes”. In: Pa-
cific J. Math. 46 (1973), pp. 349-354. 1SSN: 0030-8730. URL: http://projecteuclid.
org/euclid.pjm/1102946311.

Alexander I. Barvinok. “Computation of exponential integrals”. In: Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) Teor. Slozhn. Vychisl. 5 (1991).
translation in J. Math. Sci. 70 (1994), no. 4, 1934-1943, pp. 149-162, 175-176.

Alexander I. Barvinok. Integer Points in Polyhedra. Zurich Lectures in Advanced
Mathematics. Ziirich Switzerland: European Mathematical Society (EMS), 2008.

Alexander I. Barvinok. “Partition functions in optimization and computational prob-
lems”. In: Rossiskaya Akademiya Nauk. Algebra i Analiz 4 (1992). translation in St.
Petersburg Math. J. 4 (1993), no. 1, pp. 1-49, pp. 3-53.

Matthias Beck, Benjamin Braun, and Andrés R. Vindas-Meléndez. “Decompositions
of Ehrhart h*-Polynomials for Rational Polytopes”. In: Discrete Comput. Geom. 68.1
(2022), pp. 50-71. 1ssN: 0179-5376. DOI: 10 . 1007 / s00454 - 021 - 00341 - 0. URL:
https://doi.org/10.1007/s00454-021-00341-0.

Matthias Beck, Sophia Elia, and Sophie Rehberg. Rational Ehrhart theory. Preprint
(arXiv:2110.10204v2). 2021.

Matthias Beck and Max Hlavacek. “Signed Poset Polytopes”. In: (2023). arXiv: 2311.
04409 [math.CO].

Matthias Beck, Katharina Jochemko, and Emily McCullough. “A*-polynomials of
zonotopes”. In: Transactions of the American Mathematical Society 371.3 (2019),
pp. 2021-2042. 18SN: 0002-9947. DOI: 10.1090/tran/7384. URL: https://doi .
org/10.1090/tran/7384.


https://doi.org/10.1016/j.aim.2024.109627
https://doi.org/10.1016/j.aim.2024.109627
https://doi.org/10.1016/j.aim.2024.109627
https://doi.org/10.1090/S0025-5718-2010-02378-6
https://doi.org/10.1090/S0025-5718-2010-02378-6
https://doi.org/10.1090/S0025-5718-2010-02378-6
http://projecteuclid.org/euclid.pjm/1102946311
http://projecteuclid.org/euclid.pjm/1102946311
https://doi.org/10.1007/s00454-021-00341-0
https://doi.org/10.1007/s00454-021-00341-0
https://arxiv.org/abs/2311.04409
https://arxiv.org/abs/2311.04409
https://doi.org/10.1090/tran/7384
https://doi.org/10.1090/tran/7384
https://doi.org/10.1090/tran/7384

BIBLIOGRAPHY 115

23]

[24]

[25]

[26]

27]

28]

[29]

[30]

[31]

[32]

Matthias Beck and Emerson Leon. “Binomial inequalities for chromatic, flow, and
tension polynomials”. In: Discrete Comput. Geom. 66.2 (2021), pp. 464-474. I1SSN:
0179-5376. DOI: [10.1007/s00454-021-00314-3. URL: https://doi.org/10.1007/
s00454-021-00314-3.

Matthias Beck and Sinai Robins. Computing the Continuous Discretely: Integer-point
Enumeration in Polyhedra. Second. Undergraduate Texts in Mathematics. electron-
ically available at http://math.sfsu.edu/beck/ccd.html. Springer, New York, 2015,
pp. xx+285. ISBN: 978-1-4939-2968-9; 978-1-4939-2969-6. DOI: |10 . 1007 /978 -1 -
4939-2969-6. URL: http://dx.doi.org/10.1007/978-1-4939-2969-6.

Matthias Beck and Raman Sanyal. Combinatorial Reciprocity Theorems: An Invita-
tion to Enumerative Geometric Combinatorics. Vol. 195. Graduate Studies in Math-
ematics. American Mathematical Society, Providence, RI, 2018, pp. xiv+308. ISBN:
978-1-4704-2200-4. DOI: [10.1090/gsm/ 195, URL: https://doi.org/10.1090/gsm/
195.

Matthias Beck and Frank Sottile. “Irrational proofs for three theorems of Stanley”.
In: European Journal of Combinatorics 28.1 (2007), pp. 403-409. eprint: math.CO/
0501359.

Matthias Beck and Thomas Zaslavsky. “Inside-out polytopes”. In: Adv. Math. 205.1
(2006). arXiv:math.CO /0309330, pp. 134-162. 1SSN: 0001-8708.

Soren Berg, Katharina Jochemko, and Laura Silverstein. “Ehrhart tensor polynomi-
als”. In: Linear Algebra and its Applications 539 (2018), pp. 72-93. 1SSN: 0024-3795.
DOI: 10.1016/j.1aa.2017.10.021. URL: https://doi-org.focus.lib.kth.se/
10.1016/j.1aa.2017.10.021.

Ulrich Betke and Peter McMullen. “Lattice points in lattice polytopes”. In: Monatsh.
Math. 99.4 (1985), pp. 253-265. 1sSN: 0026-9255. DOI: 10. 1007 /BF01312545. URL:
http://dx.doi.org/10.1007/BF01312545.

Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas, eds. Semidefinite
optimization and convex algebraic geometry. Vol. 13. MOS-SIAM Series on Opti-
mization. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA;
Mathematical Optimization Society, Philadelphia, PA, 2013, pp. xx+476. ISBN: 978-
1-611972-28-3.

Christopher Borger, Andreas Kretschmer, and Benjamin Nill. Thin polytopes: Lattice
polytopes with vanishing local h*-polynomial. 2022. DOI: |10 . 48550 / ARXIV . 2207 .
09323. URL: https://arxiv.org/abs/2207.09323.

Lev A. Borisov and Anvar R. Mavlyutov. “String cohomology of Calabi-Yau hypersur-
faces via mirror symmetry”. In: Adv. Math. 180.1 (2003), pp. 355-390. 1SSN: 0001-8708.
DOI: |10.1016/50001-8708(03) 00007-0. URL: https://doi.org/10.1016/S0001-
8708(03)00007-0.


https://doi.org/10.1007/s00454-021-00314-3
https://doi.org/10.1007/s00454-021-00314-3
https://doi.org/10.1007/s00454-021-00314-3
https://doi.org/10.1007/978-1-4939-2969-6
https://doi.org/10.1007/978-1-4939-2969-6
http://dx.doi.org/10.1007/978-1-4939-2969-6
https://doi.org/10.1090/gsm/195
https://doi.org/10.1090/gsm/195
https://doi.org/10.1090/gsm/195
math.CO/0501359
math.CO/0501359
https://doi.org/10.1016/j.laa.2017.10.021
https://doi-org.focus.lib.kth.se/10.1016/j.laa.2017.10.021
https://doi-org.focus.lib.kth.se/10.1016/j.laa.2017.10.021
https://doi.org/10.1007/BF01312545
http://dx.doi.org/10.1007/BF01312545
https://doi.org/10.48550/ARXIV.2207.09323
https://doi.org/10.48550/ARXIV.2207.09323
https://arxiv.org/abs/2207.09323
https://doi.org/10.1016/S0001-8708(03)00007-0
https://doi.org/10.1016/S0001-8708(03)00007-0
https://doi.org/10.1016/S0001-8708(03)00007-0

BIBLIOGRAPHY 116

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

42]

|43

Kéroly J. Boréczky and Monika Ludwig. “Valuations on lattice polytopes”. In: Ten-
sor valuations and their applications in stochastic geometry and tmaging. Vol. 2177.
Lecture Notes in Mathematics. Springer, Cham, 2017, pp. 213-234.

Petter Briandén. “On linear transformations preserving the Polya frequency property”.
In: Transactions of the American Mathematical Society 358.8 (2006), pp. 3697-3716.
1SSN: 0002-9947. DOIL: 10 . 1090/S0002 - 9947 - 06 - 03856 - 6. URL: https://doi-
org.focus.lib.kth.se/10.1090/S0002-9947-06-03856-6.

Petter Brandén and Katharina Jochemko. “The Eulerian transformation”. In: Trans.
Amer. Math. Soc. 375.3 (2022), pp. 1917-1931. 1SSN: 0002-9947. DOI: |10.1090/tran/
8539. URL: https://doi.org/10.1090/tran/8539.

Petter Brandén and Liam Solus. “Symmetric decompositions and real-rootedness”.
In: Int. Math. Res. Not. IMRN 10 (2021), pp. 7764-7798. 1SSN: 1073-7928. DOLI:
10.1093/imrn/rnz069. URL: https://doi.org/10.1093/imrn/rnz0569.

Benjamin Braun and Brian Davis. “Antichain simplices”. In: J. Integer Seq. 23.1
(2020), Art. 20.1.1, 23.

Benjamin Braun and Robert Davis. “Ehrhart series, unimodality, and integrally closed
reflexive polytopes”. In: Ann. Comb. 20.4 (2016), pp. 705-717. 1SSN: 0218-0006. DOI:
10.1007/s00026-016-0337-6. URL: https://doi-org.ezproxy.uky.edu/10.
1007/s00026-016-0337-6.

Benjamin Braun, Robert Davis, and Liam Solus. “Detecting the integer decomposition
property and Ehrhart unimodality in reflexive simplices”. In: Adv. in Appl. Math. 100
(2018), pp. 122-142. 1SsN: 0196-8858. DOI: 10.1016/j . aam. 2018 .06 . 003, URL:
https://doi-org.ezproxy.uky.edu/10.1016/j.aam.2018.06.003.

Benjamin Braun and Derek Hanely. “Regular unimodular triangulations of reflexive
IDP 2-supported weighted projective space simplices”. In: Ann. Comb. 25.4 (2021),
pp- 935-960. 1sSN: 0218-0006. DOI: 10 . 1007 /s00026 - 021 - 00554 - 3. URL: https:
//doi-org.ezproxy.uky.edu/10.1007/s00026-021-00554- 3.

Benjamin Braun and Fu Liu. “A*-polynomials with roots on the unit circle”. In: Ezp.
Math. 30.3 (2021), pp. 332-348. 1SSN: 1058-6458. DOI: |10 .1080/10586458 . 2018 .
1538912, URL: https://doi-org.ezproxy.uky.edu/10.1080/10586458.2018.
1538912.

Francesco Brenti. “Unimodal, log-concave and Pélya frequency sequences in combina-
torics”. In: Memoirs of the American Mathematical Society 81.413 (1989), pp. viii+106.
ISSN: 0065-9266. DOI: 10.1090/memo/0413. URL: https://doi.org/10.1090/memo/
0413.

Francesco Brenti and Volkmar Welker. “ f-vectors of barycentric subdivisions”. In:
Mathematische Zeitschrift 259.4 (2008), pp. 849-865. 1SSN: 0025-5874. DOI: |10.1007/
s00209-007-0251-z. URL: https://doi.org/10.1007/s00209-007-0251-z.


https://doi.org/10.1090/S0002-9947-06-03856-6
https://doi-org.focus.lib.kth.se/10.1090/S0002-9947-06-03856-6
https://doi-org.focus.lib.kth.se/10.1090/S0002-9947-06-03856-6
https://doi.org/10.1090/tran/8539
https://doi.org/10.1090/tran/8539
https://doi.org/10.1090/tran/8539
https://doi.org/10.1093/imrn/rnz059
https://doi.org/10.1093/imrn/rnz059
https://doi.org/10.1007/s00026-016-0337-6
https://doi-org.ezproxy.uky.edu/10.1007/s00026-016-0337-6
https://doi-org.ezproxy.uky.edu/10.1007/s00026-016-0337-6
https://doi.org/10.1016/j.aam.2018.06.003
https://doi-org.ezproxy.uky.edu/10.1016/j.aam.2018.06.003
https://doi.org/10.1007/s00026-021-00554-3
https://doi-org.ezproxy.uky.edu/10.1007/s00026-021-00554-3
https://doi-org.ezproxy.uky.edu/10.1007/s00026-021-00554-3
https://doi.org/10.1080/10586458.2018.1538912
https://doi.org/10.1080/10586458.2018.1538912
https://doi-org.ezproxy.uky.edu/10.1080/10586458.2018.1538912
https://doi-org.ezproxy.uky.edu/10.1080/10586458.2018.1538912
https://doi.org/10.1090/memo/0413
https://doi.org/10.1090/memo/0413
https://doi.org/10.1090/memo/0413
https://doi.org/10.1007/s00209-007-0251-z
https://doi.org/10.1007/s00209-007-0251-z
https://doi.org/10.1007/s00209-007-0251-z

BIBLIOGRAPHY 117

[44]

[45]

|46]

[47]
48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Michel Brion and Michéle Vergne. “Une formule d’Euler-Maclaurin pour les polytopes
convexes rationnels”. In: C. R. Acad. Sci. Paris Sér. I Math. 322.4 (1996), pp. 317-
320. 1SSN: 0764-4442.

Winfried Bruns and Christof Soger. “The computation of generalized Ehrhart series
in Normaliz”. In: J. Symbolic Comput. 68.part 2 (2015), pp. 75-86. 1SSN: 0747-7171.
DOI: 10.1016/j.jsc.2014.09.004. URL: https://doi.org/10.1016/j.jsc.2014.
09.004.

Federico Castillo and Fu Liu. “Ehrhart Positivity for Generalized Permutohedra”. In:
Discrete Mathematics Theoretical Computer Science DMTCS Proceedings, 27th...
(Jan. 2015). DOI: 10.46298/dmtcs . 2505,

Frédéric Chapoton. “g-analogues of Ehrhart polynomials™. In: Proceedings of the Fd-
inburgh Mathematical Society 59.2 (2016), pp. 339-358.

Gary Chartrand and Ping Zhang. Chromatic graph theory. Discrete Math. Appl. (Boca
Raton). Boca Raton, FL: Chapman & Hall/CRC, 2009. 1SBN: 978-1-58488-800-0.

Yuguo Chen, Ian Dinwoodie, Adrian Dobra, and Mark Huber. “Lattice Points, con-
tingency tables, and sampling”. In: Contemporary Mathematics 374 (2005), pp. 65—
78.

Heinke Conrads. “Weighted projective spaces and reflexive simplices”. In: Manuscripta
Math. 107.2 (2002), pp. 215-227. 1SSN: 0025-2611. DOI: 10 . 1007 /s002290100235.
URL: https://doi-org.ezproxy.uky.edu/10.1007/s002290100235.

Logan Crew and Sophie Spirkl. “A deletion-contraction relation for the chromatic
symmetric function”. In: Furopean J. Combin. 89 (2020), pp. 103143, 20. 1SSN: 0195-
6698. DOI: [10.1016/5.ejc.2020.103143

Jests A. De Loera, Raymond Hemmecke, Matthias Koppe, and Robert Weismantel.
“Integer Polynomial Optimization in Fixed Dimension”. In: Mathematics of Opera-
tions Research 31.1 (2006), pp. 147-153. eprint: math.0C/0410111.

Jests A. De Loera, Nathan Kaplan, Laura Escobar, and Chengyang Wang. “Sums of
Weighted Lattice Points of Polytopes”. In: Séminaire Lotharingien de Combinatoire
(). to appear (Proceedings of FPSAC 2023).

Jests A. De Loera, J Rambau, and F. Santos. “Triangulations: Structures and Algo-
rithms”. Book manuscript. 2008.

Persi Diaconis and Anil Gangolli. “Rectangular arrays with fixed margins”. In: Dis-
crete probability and algorithms (Minneapolis 1993). Vol. 72. IMA series. New York:
Springer, 1995, pp. 15-41.

Eugéne Ehrhart. “Sur les polyédres rationnels homothétiques a n dimensions”. In: C.
R. Acad. Sci. Paris 254 (1962), pp. 616-618.


https://doi.org/10.1016/j.jsc.2014.09.004
https://doi.org/10.1016/j.jsc.2014.09.004
https://doi.org/10.1016/j.jsc.2014.09.004
https://doi.org/10.46298/dmtcs.2505
https://doi.org/10.1007/s002290100235
https://doi-org.ezproxy.uky.edu/10.1007/s002290100235
https://doi.org/10.1016/j.ejc.2020.103143
math.OC/0410111

BIBLIOGRAPHY 118

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

|65]

[66]

[67]

[68]

[69]

Matthew H. J. Fiset and Alexander M. Kasprzyk. “A note on palindromic d-vectors
for certain rational polytopes”. In: Electron. J. Combin. 15.1 (2008), Note 18, 4 pp.
ISSN: 1077-8926. URL: http://www.combinatorics.org/Volume_15/Abstracts/
v15i1n18.htmll

Alexander Garver, Stefan Grosser, Jacob P. Matherne, and Alejandro H. Morales.
Counting linear extensions of posets with determinants of hook lengths. 2020. arXiv:
2001.08822 [math.CO].

David D. Gebhard and Bruce E. Sagan. “A chromatic symmetric function in noncom-
muting variables”. In: J. Algebr. Comb. 13.3 (2001), pp. 227-255. 1SSN: 0925-9899.
DOI: 10.1023/A:1011258714032.

Izrail M. Gel’fand, Mikhail M. Kapranov, and Andrey V. Zelevinsky. “Discriminants of
polynomials in several variables and triangulations of Newton polyhedra”. In: Algebra
i Analiz 2.3 (1990), pp. 1-62. 1SSN: 0234-0852.

Darij Grinberg. “Generalized Whitney formulas for broken circuits in ambigraphs and
matroids”. In: (2023). Preprint (arXiv:1604.03063), 99 pages.

Nils Gustafsson and Liam Solus. “Derangements, Ehrhart theory, and local A- poly-
nomials”. In: Adv. Math. 369 (2020), pp. 107169, 35. 1SSN: 0001-8708. DOI: 10.1016/
j.aim.2020.107169. URL: https://doi-org.ezproxy.uky.edu/10.1016/j.aim.
2020.107169.

James Haglund and Philip B. Zhang. “Real-rootedness of variations of Eulerian poly-
nomials”. In: Advances in Applied Mathematics 109 (2019), pp. 38-54. 1SSN: 0196-
8858. DOI: [10.1016/7 . aam.2019.05.001. URL: https://doi.org/10.1016/7.aam.
2019.05.001.

Mitsuki Hanada, John Lentfer, and Andrés R. Vindas-Meléndez. “Generalized parking
function polytopes”. In: (2023). arXiv: 2212.06885 [math.CO].

David Handelman. “Representing polynomials by positive linear functions on compact
convex polyhedra”. In: Pacific Journal of Mathematics 132.1 (1988), pp. 35-62. ISSN:
0030-8730. URL: http://projecteuclid.org/euclid.pjm/1102689794.

Takahiro Hasebe and Shuhei Tsujie. “Order quasisymmetric functions distinguish
rooted trees”. In: J. Algebr. Comb. 46.3-4 (2017), pp. 499-515. 1SSN: 0925-9899. DOLI:
10.1007/s10801-017-0761-7.

Simon Heil and Caleb Ji. “On an algorithm for comparing the chromatic symmetric
functions of trees”. In: Australas. J. Comb. 75 (2019), pp. 210-222. 1SSN: 1034-4942.
URL: ajc.maths.uq.edu.au/pdf/75/ajc_v75_p210.pdfl

Takayuki Hibi. “A lower bound theorem for Ehrhart polynomials of convex polytopes”.
In: Adv. Math. 105.2 (1994), pp. 162-165. 1SSN: 0001-8708.

Takayuki Hibi. Algebraic Combinatorics on Convex Polytopes. Carslaw, 1992.


http://www.combinatorics.org/Volume_15/Abstracts/v15i1n18.html
http://www.combinatorics.org/Volume_15/Abstracts/v15i1n18.html
https://arxiv.org/abs/2001.08822
https://doi.org/10.1023/A:1011258714032
https://doi.org/10.1016/j.aim.2020.107169
https://doi.org/10.1016/j.aim.2020.107169
https://doi-org.ezproxy.uky.edu/10.1016/j.aim.2020.107169
https://doi-org.ezproxy.uky.edu/10.1016/j.aim.2020.107169
https://doi.org/10.1016/j.aam.2019.05.001
https://doi.org/10.1016/j.aam.2019.05.001
https://doi.org/10.1016/j.aam.2019.05.001
https://arxiv.org/abs/2212.06885
http://projecteuclid.org/euclid.pjm/1102689794
https://doi.org/10.1007/s10801-017-0761-7
ajc.maths.uq.edu.au/pdf/75/ajc_v75_p210.pdf

BIBLIOGRAPHY 119

[70]

|71

[72]

73]

[74]

[75]

[76]

7]

(78]

[79]

[30]

[81]

Takayuki Hibi. “Dual polytopes of rational convex polytopes”. In: Combinatorica 12.2
(1992), pp. 237-240. 1SSN: 0209-9683.

Takayuki Hibi. “Some results on Ehrhart polynomials of convex polytopes”. In: Dis-
crete Math. 83.1 (1990), pp. 119-121. 1sSN: 0012-365X. DOI: 10.1016/0012-365X(90)
90226-8. URL: http://dx.doi.org/10.1016/0012-365X(90)90226-8.

Takayuki Hibi, Akihiro Higashitani, and Nan Li. “Hermite normal forms and J-
vectors”. In: J. Combin. Theory Ser. A 119.6 (2012), pp. 1158-1173. 1SSN: 0097-3165.
DOI: 10.1016/j.jcta.2012.02.005. URL: https://doi-org.ezproxy.uky.edu/
10.1016/5.jcta.2012.02.005,

Takayuki Hibi, Akihiro Higashitani, Akiyoshi Tsuchiya, and Koutarou Yoshida. “Ehr-
hart polynomials with negative coefficients”. In: (2016). arXiv: 1506 .00467 [math.CO].

Takayuki Hibi, Akiyoshi Tsuchiya, and Koutarou Yoshida. “Gorenstein simplices with
a given d-polynomial”. In: Discrete Math. 342.12 (2019), pp. 111619, 10. 1sSN: 0012-
365X. DOI: |10.1016/j.disc.2019.111619. URL: https://doi-org.ezproxy.uky.
edu/10.1016/j.disc.2019.111619.

Akihiro Higashitani. “Counterexamples of the conjecture on roots of Ehrhart polyno-
mials”. In: Discrete Comput. Geom. 47.3 (2012), pp. 618-623. 1SSN: 0179-5376. DOTI:
10.1007/s00454-011-9390-4. URL: https://doi-org.ezproxy.uky.edu/10.
1007/s00454-011-9390-4.

Akihiro Higashitani. “Ehrhart polynomials of integral simplices with prime volumes”.
In: Integers 14 (2014), Paper No. A45, 15.

Akihiro Higashitani. “Shifted symmetric d-vectors of convex polytopes”. In: Discrete
Math. 310.21 (2010), pp. 2925-2934. 1SSN: 0012-365X. DOI: 10.1016/j.disc.2010.
06.044. URL: https://doi-org.ezproxy.uky.edu/10.1016/j.disc.2010.06.044.

Katharina Jochemko. “Symmetric decompositions and the Veronese construction”.
In: Int. Math. Res. Not. IMRN 15 (2022), pp. 11427-11447. 1ssN: 1073-7928. DOLI:
10.1093/imrn/rnab031. URL: https://doi.org/10.1093/imrn/rnab031.

Katharina Jochemko and Raman Sanyal. “Combinatorial positivity of translation-
invariant valuations and a discrete Hadwiger theorem”. In: Journal of the Furopean
Mathematical Society (JEMS) 20.9 (2018), pp. 2181-2208. 1SSN: 1435-9855. DOI: 10.
4171/JEMS/809. URL: https://doi.org/10.4171/JEMS/809.

Jang Soo Kim and Dennis Stanton. “On g-integrals over order polytopes”. In: Adwv.
Math. 308 (2017), pp. 1269-1317. 1SSN: 0001-8708. DOI: 10.1016/j.aim.2017.01.
001.

Matthias Képpe and Sven Verdoolaege. “Computing parametric rational generating
functions with a primal Barvinok algorithm”. In: Electronic Journal of Combinatorics
15.1 (2008), Research Paper 16, 19. URL: http://www.combinatorics.org/Volume_
15/Abstracts/v15i1r16.html|


https://doi.org/10.1016/0012-365X(90)90226-8
https://doi.org/10.1016/0012-365X(90)90226-8
http://dx.doi.org/10.1016/0012-365X(90)90226-8
https://doi.org/10.1016/j.jcta.2012.02.005
https://doi-org.ezproxy.uky.edu/10.1016/j.jcta.2012.02.005
https://doi-org.ezproxy.uky.edu/10.1016/j.jcta.2012.02.005
https://arxiv.org/abs/1506.00467
https://doi.org/10.1016/j.disc.2019.111619
https://doi-org.ezproxy.uky.edu/10.1016/j.disc.2019.111619
https://doi-org.ezproxy.uky.edu/10.1016/j.disc.2019.111619
https://doi.org/10.1007/s00454-011-9390-4
https://doi-org.ezproxy.uky.edu/10.1007/s00454-011-9390-4
https://doi-org.ezproxy.uky.edu/10.1007/s00454-011-9390-4
https://doi.org/10.1016/j.disc.2010.06.044
https://doi.org/10.1016/j.disc.2010.06.044
https://doi-org.ezproxy.uky.edu/10.1016/j.disc.2010.06.044
https://doi.org/10.1093/imrn/rnab031
https://doi.org/10.1093/imrn/rnab031
https://doi.org/10.4171/JEMS/809
https://doi.org/10.4171/JEMS/809
https://doi.org/10.4171/JEMS/809
https://doi.org/10.1016/j.aim.2017.01.001
https://doi.org/10.1016/j.aim.2017.01.001
http://www.combinatorics.org/Volume_15/Abstracts/v15i1r16.html
http://www.combinatorics.org/Volume_15/Abstracts/v15i1r16.html

BIBLIOGRAPHY 120

[82]

[83]

[84]

[85]

[36]

[87]

33

[89]

[90]

[91]

92|

93]

Emerson Leon. “Stapledon decompositions and inequalities for coefficients of chro-
matic polynomials”. In: Sém. Lothar. Combin. 78B (2017), Art. 24, 12. pOIL: 10.
1155/2017/1084769. URL: https://doi.org/10.1155/2017/1084769.

Eva Linke. “Rational Ehrhart quasi-polynomials”. In: J. Combin. Theory Ser. A 118.7
(2011). arXiv:1006.5612, pp. 1966-1978. 1SSN: 0097-3165. DOI: |10.1016/j . jcta.
2011.03.007. URL: http://dx.doi.org/10.1016/j.jcta.2011.03.007

Fu Liu. “On positivity of Ehrhart polynomials”. In: Association for Women in Math-
ematics Series (2017). URL: https : //api . semanticscholar . org/ CorpusID :
119166161.

Fu Liu and Liam Solus. “On the relationship between Ehrhart unimodality and
Ehrhart positivity”. In: Ann. Comb. 23.2 (2019), pp. 347-365. 1SSN: 0218-0006. DOI:
10.1007/s00026-019-00429-8. URL: https://doi-org.ezproxy.uky.edu/10.
1007/s00026-019-00429-38.

Martin Loebl. “Chromatic polynomial, ¢g-binomial counting and colored Jones func-
tion”. In: Adv. Math. 211.2 (2007), pp. 546-565. 1SSN: 0001-8708. DOI: 10.1016/j .
aim.2006.09.001.

Nicholas A. Loehr and Gregory S. Warrington. “A rooted variant of Stanley’s chro-
matic symmetric function”. In: (2023). arXiv: 2206.05392 [math.CO].

Monika Ludwig and Laura Silverstein. “Tensor valuations on lattice polytopes”. In:
Advances in Mathematics 319 (2017), pp. 76-110. 1SSN: 0001-8708. DOI: [10.1016/7.
aim.2017.08.015. URL: https://doi-org.focus.lib.kth.se/10.1016/j.aim.
2017.08.015.

[an G. Macdonald. “Polynomials associated with finite cell-complexes”. In: J. London
Math. Soc. (2) 4 (1971), pp. 181-192.

Murray Marshall. Positive polynomials and sums of squares. Vol. 146. Mathemati-
cal Surveys and Monographs. American Mathematical Society, Providence, RI, 2008,
pp. xii+187. ISBN: 978-0-8218-4402-1; 0-8218-4402-4. DOI: 10.1090/surv/146. URL:
https://doi.org/10.1090/surv/146.

Peter McMullen. “Valuations and Euler-type relations on certain classes of convex
polytopes”. In: Proceedings of the London Mathematical Society. Third Series 35.1
(1977), pp. 113-135. 18sN: 0024-6115. poI: 10.1112/plms/s3-35.1.113. URL:
https://doi-org.focus.lib.kth.se/10.1112/plms/s3-35.1.113.

Bernard Mourrain and Alessandro Oneto. “On minimal decompositions of low rank
symmetric tensors”. In: Linear Algebra and its Applications 607 (2020), pp. 347-377.
ISSN: 0024-3795. DOI: 10.1016/j.1laa.2020.06.029. URL: https://doi.org/10.
1016/j.1aa.2020.06.029.

Benjamin Nill and Jan Schepers. “Combinatorial questions related to stringy E-
polynomials of Gorenstein polytopes”. In: Oberwolfach Reports 62 (2012), pp. 62—
64.


https://doi.org/10.1155/2017/1084769
https://doi.org/10.1155/2017/1084769
https://doi.org/10.1155/2017/1084769
https://doi.org/10.1016/j.jcta.2011.03.007
https://doi.org/10.1016/j.jcta.2011.03.007
http://dx.doi.org/10.1016/j.jcta.2011.03.007
https://api.semanticscholar.org/CorpusID:119166161
https://api.semanticscholar.org/CorpusID:119166161
https://doi.org/10.1007/s00026-019-00429-8
https://doi-org.ezproxy.uky.edu/10.1007/s00026-019-00429-8
https://doi-org.ezproxy.uky.edu/10.1007/s00026-019-00429-8
https://doi.org/10.1016/j.aim.2006.09.001
https://doi.org/10.1016/j.aim.2006.09.001
https://arxiv.org/abs/2206.05392
https://doi.org/10.1016/j.aim.2017.08.015
https://doi.org/10.1016/j.aim.2017.08.015
https://doi-org.focus.lib.kth.se/10.1016/j.aim.2017.08.015
https://doi-org.focus.lib.kth.se/10.1016/j.aim.2017.08.015
https://doi.org/10.1090/surv/146
https://doi.org/10.1090/surv/146
https://doi.org/10.1112/plms/s3-35.1.113
https://doi-org.focus.lib.kth.se/10.1112/plms/s3-35.1.113
https://doi.org/10.1016/j.laa.2020.06.029
https://doi.org/10.1016/j.laa.2020.06.029
https://doi.org/10.1016/j.laa.2020.06.029

BIBLIOGRAPHY 121

[94]

[95]

[96]

[97]

98]

[99]
[100]

[101]

102]

[103]
[104]

[105]

[106]

Brendan Pawlowski. “Chromatic symmetric functions via the group algebra of S,,”.
In: Algebr. Comb. 5.1 (2022), pp. 1-20. 1SSN: 2589-5486. DOI: 10.5802/alco.134.

Sam Payne. “Ehrhart series and lattice triangulations”. In: Discrete Comput. Geom.
40.3 (2008), pp. 365-376. 1SSN: 0179-5376. DOI: 10.1007/s00454-007-9002-5. URL:
https://doi-org.ezproxy.uky.edu/10.1007/s00454-007-9002-5.

Alexander Prestel and Charles N. Delzell. Positive polynomials. Springer Monographs
in Mathematics. From Hilbert’s 17th problem to real algebra. Springer-Verlag, Berlin,
2001, pp. viii+267. ISBN: 3-540-41215-8. DOI: 10.1007/978-3-662-04648-7. URL:
https://doi.org/10.1007/978-3-662-04648-7.

Aleksandr V. Pukhlikov and Askold Georgievich Khovanski. “Finitely additive mea-
sures of virtual polyhedra”. In: Rossiskaya Akademiya Nauk. Algebra i Analiz 4.2
(1992), pp. 161-185. 1SSN: 0234-0852.

Bruce Reznick. “Sums of even powers of real linear forms”. In: Memoirs of the Amer-
ican Mathematical Society 96.463 (1992), pp. viii+155. 1SSN: 0065-9266. DOI: 10 .
1090/memo/0463. URL: https://doi.org/10.1090/memo/0463.

Tiago Royer. Reconstruction of rational polytopes from the real-parameter Ehrhart
function of its translates. Preprint (arXiv:1712.01973). 2017.

The Sage Developers. SageMath, the Sage Mathematics Software System (Version
9.3). https://www.sagemath.org. 2021.

Carla D. Savage and Michael J. Schuster. “Ehrhart series of lecture hall polytopes
and Eulerian polynomials for inversion sequences”. In: J. Comb. Theory, Ser. A 119.4
(2012), pp. 850-870. DOI: |10.1016/J.JCTA.2011.12.005. URL: https://doi.org/
10.1016/5.jcta.2011.12.005.

Jan Schepers and Leen Van Langenhoven. “Unimodality questions for integrally closed
lattice polytopes”. In: Ann. Comb. 17.3 (2013), pp. 571-589. 1SsN: 0218-0006. DOTI:
10.1007/s00026-013-0185-6. URL: https://doi-org.ezproxy.uky.edu/10.
1007/s00026-013-0185-6.

A. Schrijver. Theory of Linear and Integer Programming. Wiley-Interscience, 1986.

John Shareshian and Michelle L. Wachs. “Chromatic quasisymmetric functions”. In:
Adv. Math. 295 (2016), pp. 497-551. 1SSN: 0001-8708. DOI: 10.1016/j.aim.2015.
12.018.

Liam Solus. “Local h*-polynomials of some weighted projective spaces”. In: Algebraic
and geometric combinatorics on lattice polytopes. World Sci. Publ., Hackensack, NJ,
2019, pp- 382-399.

Liam Solus. “Simplices for numeral systems”. In: Trans. Amer. Math. Soc. 371.3
(2019), pp. 2089-2107. 1SSN: 0002-9947. DOI: 10 . 1090/ tran/7424. URL: https:
//doi-org.ezproxy.uky.edu/10.1090/tran/7424.


https://doi.org/10.5802/alco.134
https://doi.org/10.1007/s00454-007-9002-5
https://doi-org.ezproxy.uky.edu/10.1007/s00454-007-9002-5
https://doi.org/10.1007/978-3-662-04648-7
https://doi.org/10.1007/978-3-662-04648-7
https://doi.org/10.1090/memo/0463
https://doi.org/10.1090/memo/0463
https://doi.org/10.1090/memo/0463
https://doi.org/10.1016/J.JCTA.2011.12.005
https://doi.org/10.1016/j.jcta.2011.12.005
https://doi.org/10.1016/j.jcta.2011.12.005
https://doi.org/10.1007/s00026-013-0185-6
https://doi-org.ezproxy.uky.edu/10.1007/s00026-013-0185-6
https://doi-org.ezproxy.uky.edu/10.1007/s00026-013-0185-6
https://doi.org/10.1016/j.aim.2015.12.018
https://doi.org/10.1016/j.aim.2015.12.018
https://doi.org/10.1090/tran/7424
https://doi-org.ezproxy.uky.edu/10.1090/tran/7424
https://doi-org.ezproxy.uky.edu/10.1090/tran/7424

BIBLIOGRAPHY 122

[107]

[108]

109

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

Richard P. Stanley. “A monotonicity property of h-vectors and h*-vectors”. In: Furo-
pean J. Combin. 14.3 (1993), pp. 251-258. 1SSN: 0195-6698. DOI: 10.1006/eujc.1993.
1028. URL: http://0-dx.doi.org.opac.sfsu.edu/10.1006/eujc.1993.1028.

Richard P. Stanley. “A symmetric function generalization of the chromatic polynomial
of a graph”. In: Adv. Math. 111.1 (1995), pp. 166-194. 1SsSN: 0001-8708. DOI: 10.1006/
aima.1995.1020.

Richard P. Stanley. “Acyclic orientations of graphs”. In: Discrete Math. 5 (1973),
pp. 171-178.

Richard P. Stanley. Combinatorics and Commutative Algebra. 2nd. Vol. 41. Progress
in Mathematics. Boston, MA: Birkhauser Boston Inc., 1996, pp. x+164. ISBN: 0-8176-
3836-9.

Richard P. Stanley. “Decompositions of rational convex polytopes”. In: Annals of Dis-
crete Mathematics 6 (1980). Combinatorial mathematics, optimal designs and their
applications (Proc. Sympos. Combin. Math. and Optimal Design, Colorado State
Univ., Fort Collins, Colo., 1978), pp. 333-342.

Richard P. Stanley. “Decompositions of rational convex polytopes”. In: Ann. Discrete
Math. 6 (1980), pp. 333-342.

Richard P. Stanley. Enumerative Combinatorics. Volume 1. Second. Vol. 49. Cam-
bridge Studies in Advanced Mathematics. Cambridge: Cambridge University Press,
2012, pp. xiv+626. ISBN: 978-1-107-60262-5.

Richard P. Stanley. Enumerative Combinatorics. Volume 2. Second. Vol. 208. Cam-
bridge Studies in Advanced Mathematics. With an appendix by Sergey Fomin. Cam-
bridge University Press, Cambridge, 2024, pp. xvi+783. ISBN: 978-1-009-26249-1; 978-
1-009-26248-4.

Richard P. Stanley. “Magic labelings of graphs, symmetric magic squares, systems of
parameters, and Cohen—-Macaulay rings”. In: Duke Math. J. 43.3 (1976), pp. 511-531.
ISSN: 0012-7094.

Richard P. Stanley. “On the Hilbert function of a graded Cohen—-Macaulay domain”.
In: J. Pure Appl. Algebra 73.3 (1991), pp. 307-314. 1sSN: 0022-4049. DOI: 10.1016/
0022-4049(91)90034-Y. URL: http://dx.doi.org/10.1016/0022-4049(91)
90034-Y.

Richard P. Stanley. Ordered structures and partitions. Memoirs of the American Math-
ematical Society, No. 119. Providence, R.I.: American Mathematical Society, 1972,
pp- iii+104.

Richard P. Stanley. “Positivity problems and conjectures in algebraic combinatorics”.
In: Mathematics: frontiers and perspectives. American Mathematical Society, Provi-
dence, RI, 2000, pp. 295-319.


https://doi.org/10.1006/eujc.1993.1028
https://doi.org/10.1006/eujc.1993.1028
http://0-dx.doi.org.opac.sfsu.edu/10.1006/eujc.1993.1028
https://doi.org/10.1006/aima.1995.1020
https://doi.org/10.1006/aima.1995.1020
https://doi.org/10.1016/0022-4049(91)90034-Y
https://doi.org/10.1016/0022-4049(91)90034-Y
http://dx.doi.org/10.1016/0022-4049(91)90034-Y
http://dx.doi.org/10.1016/0022-4049(91)90034-Y

BIBLIOGRAPHY 123

[119]

[120]

[121]

122]

[123]

[124]

[125]

[126]

[127]

[128]

Richard P. Stanley. “Subdivisions and local h-vectors”. In: J. Amer. Math. Soc. 5.4
(1992), pp. 805-851. 1SSN: 0894-0347. DOI: 10.2307/2152711. URL: https://doi.
org/10.2307/2152711

Richard P. Stanley. “Two poset polytopes”. In: Discrete €& Computational Geometry
1.1 (1986), pp. 9-23.

Richard P. Stanley and John R. Stembridge. “On immanants of Jacobi-Trudi matrices
and permutations with restricted position”. In: J. Combin. Theory Ser. A 62.2 (1993),
pp. 261-279. 1SSN: 0097-3165,1096-0899. DOL: 10 1016/0097-3165 (93) 90048-D. URL:
https://doi.org/10.1016/0097-3165(93)90048-D.

Alan Stapledon. “Counting lattice points in free sums of polytopes”. In: J. Combin.
Theory Ser. A 151 (2017), pp. 51-60. 1SSN: 0097-3165. DOI: [10.1016/j.jcta.2017.
04.004. URL: https://doi.org/10.1016/j.jcta.2017.04.004.

Alan Stapledon. “Inequalities and Ehrhart d-vectors”. In: Trans. Amer. Math. Soc.
361.10 (2009), pp. 5615-5626. 1SSN: 0002-9947. DOI: 10 . 1090/ S0002 - 9947 - 09 -
04776-X. URL: https://doi-org.ezproxy.uky.edu/10.1090/S0002-9947-09-
04776-X.

Alan Stapledon. “Weighted Ehrhart theory and orbifold cohomology”. In: Advances in
Mathematics 219.1 (2008), pp. 63-88. 1SSN: 0001-8708. DOI: 10.1016/j.aim.2008.
04.010. URL: https://doi.org/10.1016/j.aim.2008.04.010.

Alan Stapledon. “Weighted Ehrhart theory and orbifold cohomology”. In: Adv. Math.
219.1 (2008). arXivimath/0711.4382, pp. 63-88. ISSN: 0001-8708. DOL: [10.1016/3 .
aim.2008.04.010. URL: http://dx.doi.org/10.1016/j.aim.2008.04.010.

Einar Steingrimsson. “Permutation statistics of indexed permutations”. In: Furopean
Journal of Combinatorics 15.2 (1994), pp. 187-205. 1SSN: 0195-6698. DOI: 10.1006/
eujc.1994.1021. URL: https://doi-org.focus.lib.kth.se/10.1006/eujc.
1994 .1021.

Akiyoshi Tsuchiya. “Gorenstein simplices and the associated finite abelian groups”.
In: European J. Combin. 67 (2018), pp. 145-157. 1SSN: 0195-6698. DOI: [10.1016/j .
ejc.2017.07.022. URL: https://doi-org.ezproxy.uky.edu/10.1016/j.ejc.
2017.07.022.

Giinter M. Ziegler. Lectures on Polytopes. New York: Springer-Verlag, 1995, pp. x+370.
ISBN: 0-387-94365-X.


https://doi.org/10.2307/2152711
https://doi.org/10.2307/2152711
https://doi.org/10.2307/2152711
https://doi.org/10.1016/0097-3165(93)90048-D
https://doi.org/10.1016/0097-3165(93)90048-D
https://doi.org/10.1016/j.jcta.2017.04.004
https://doi.org/10.1016/j.jcta.2017.04.004
https://doi.org/10.1016/j.jcta.2017.04.004
https://doi.org/10.1090/S0002-9947-09-04776-X
https://doi.org/10.1090/S0002-9947-09-04776-X
https://doi-org.ezproxy.uky.edu/10.1090/S0002-9947-09-04776-X
https://doi-org.ezproxy.uky.edu/10.1090/S0002-9947-09-04776-X
https://doi.org/10.1016/j.aim.2008.04.010
https://doi.org/10.1016/j.aim.2008.04.010
https://doi.org/10.1016/j.aim.2008.04.010
https://doi.org/10.1016/j.aim.2008.04.010
https://doi.org/10.1016/j.aim.2008.04.010
http://dx.doi.org/10.1016/j.aim.2008.04.010
https://doi.org/10.1006/eujc.1994.1021
https://doi.org/10.1006/eujc.1994.1021
https://doi-org.focus.lib.kth.se/10.1006/eujc.1994.1021
https://doi-org.focus.lib.kth.se/10.1006/eujc.1994.1021
https://doi.org/10.1016/j.ejc.2017.07.022
https://doi.org/10.1016/j.ejc.2017.07.022
https://doi-org.ezproxy.uky.edu/10.1016/j.ejc.2017.07.022
https://doi-org.ezproxy.uky.edu/10.1016/j.ejc.2017.07.022

	Contents
	List of Figures
	Introduction
	Background
	Polytopes and faces
	Simplices and triangulations
	Integer-point transforms of half-open simplicial cones
	Ehrhart theory of lattice polytopes
	Ehrhart theory of rational polytopes

	Boundary h-polynomials
	Introduction
	h-polynomials of boundaries of polytopes
	Half-open boundary triangulations
	Symmetric decompositions of h-polynomials
	Symmetric decompositions of h-polynomials of Gorenstein polytopes
	A generalization to rational Ehrhart theory

	Weighted h-polynomials
	Introduction
	Nonnegativity and monotonicity of weighted h-polynomials
	Squares of arbitrary linear forms
	Ehrhart tensor polynomials
	Open question

	Local h-polynomials
	Introduction
	Properties of local h*-polynomials
	Two illustrative examples
	Number theoretical results on floor and ceiling functions
	Asymptotic properties of local h*-polynomials
	Further questions

	q-analog chromatic polynomials
	Introduction
	q-Ehrhart polynomials
	The structure of q-chromatic polynomials
	The leading coefficient of a q-chromatic polynomial
	G-partitions
	Open questions

	Bibliography

